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Summary 
Summary 
The condition of failure following crack initiation or propagation of an existing crack in 
mechanical components has been studied. Finite element models for failure prediction in 
cracked and non-cracked structures under mode-I and mixed mode loading have been 
developed based on a localised damage concept. The applicability of these models to bulk 
adhesives and adhesively bonded joints has been assessed. Both experimental and 
numerical modelling work has been undertaken 
The experimental work includes manufacturing and testing of flat tensile (FT), bulk 
compact tension (CT) and double cantilever beam (DCB) joint specimens. These data, 
together with results from previous research, have been used in the assessment of the 
proposed rupture models. The results of flat tensile tests have been used to characterise the 
non-linear constitutive response of the adhesive continuum. Tests on CT and DCB fracture 
specimens have provided data from which the fracture parameters have been calculated for 
use in the assessment of the modelling techniques. Final validation was carried out using 
mixed mode cleavage test data. 
Finite element analysis has been used both to evaluate standard fracture mechanics 
parameters and to implement the failure modelling. The failure modelling has been 
undertaken by integrating rupture elements into the continuum along the assumed crack 
line. Various tripping and unloading schemes were considered for the rupture elements. 
Initially stress tripped rupture elements were used. These elements are activated at a 
critical level of continuum stress in the direction normal to the crack line. It has been 
shown that the technique can be applied as an alternative to LEFM for modelling crack 
propagation in elastic continua but has the additional advantage of being applicable to 
non-cracked configurations. Once energy based unloading is included the rupture elements 
have been used to predict the failure load in an elastic continuum directly. To account for 
continuum plasticity it has been shown that strain tripped rupture elements are necessary. 
These elements use the continuum strain in the direction normal to the crack line and can 
also be used for failure prediction in elastic continua. Additionally the strain tripped 
rupture elements can represent physically realistic progressive crack propagation in plastic 
continuum that cannot be achieved by the use of the stress tripped rupture elements. 
Further developments of the strain tripped elements introduced time controlled unloading. 
This final formulation has been successfully used to predict cohesive and interfacial failure 
in cracked and non-cracked configurations under mode-I and mixed mode loading using a 
single failure criterion. 
This is a significant advance on previous failure methodologies that generally require 
separate failure parameters for cracked and non-cracked and for different modes of 
loading. 
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1. Introduction 
Chapter 1: Introduction 
1.1- Historical background 
Engineering application of materials by mankind actually began as early as the Stone Age. 
Following the invention of fire and during the Bronze Age and Iron Age the possibility of 
"shaping" revolutionised the manufacturing process as the first engineering metallic 
materials were born. Until the second half of the 200' century the use of non-metallic 
synthetic materials such as adhesives was restricted to very simple applications limited by 
their low strength and high sensitivity to environmental parameters such as humidity and 
temperature. The development of the engineering failure analysis has also been slow. In 
fact this did not happen until several disasters occurred throughout the 19`h century and 
resulted in huge losses in terms of lives and resources. Once investigation of the cause of 
the unexpected failure in structures such as rails, bridges and pressure vessels began, it 
was soon realised that in many occasions failure had occurred under low stress conditions. 
In fact failure was initiated from flaws (manufacturing defects) or points of stress 
concentration (geometry related). Along with the need for mechanical components to 
serve under more and more serious loading conditions the development of manufacturing 
technology resulted in the availability of more advanced materials. Alongside this the 
knowledge and understanding of the effects of loading improved significantly and resulted 
in the development of "fracture mechanics". Using engineering fracture mechanics it was 
now possible to consider situations where the conventional design criteria were not 
adequate. Development of "damage mechanics" added to the knowledge of failure 
mechanisms in engineering materials. Fracture mechanics and damage mechanics have 
been developed significantly and used widely over the last few decades. 
Advances in manufacturing technology of non-metallic synthetic materials resulted in 
development of modem adhesives with widely increasing engineering applications as a 
result of their unique advantages. Modern adhesives provide light weight structures at a 
relatively low manufacturing cost. They also facilitate repairs and the joining of different 
materials with minimum post manufacturing mechanical finishing requirements. Although 
they are not as tough as metal-based components, they form the preferred solution in a 
wide range of engineering utilities. The response of adhesive materials to mechanical 
effects (load, temperature, etc. ), compared with the metallic components, is more 
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complicated and hence less understood. They may be used to join other materials or 
combined with other materials (fibres) to form composite materials. This in turn will add 
to the complication of predicting their response to loading. Thus the study of the behaviour 
of adhesives and developing design tools to predict their failure conditions are at the 
forefront of research in this field. 
1.2- Framework of the research program 
The existing stress/strain based failure criteria are not generally applicable to failure 
modelling where failure is due to initiation and propagation of cracks. Linear elastic 
fracture mechanics (LEFM) provides indirect solutions for cracked configurations. Non- 
linear fracture mechanics methods account for an elasto-plastic continuum but still do not 
address non-cracked situations. Significant attention has been paid to failure modelling in 
structural adhesives and adhesively bonded structures. Generally solutions have been 
suggested that are applicable only to specified joint types. It can be suggested that design 
for failure, specially when the use of adhesives and adhesive joints are involved, is 
generally very conservative due to the lack of reliable design tools. Providing more 
efficient design tools will make a significant contribution to lowering the cost of products 
by optimising the use of material in manufacturing. 
The main objective of this work is to develop a technique that represents the material 
failure process in a physically justifiable manner and predicts the failure conditions 
reliably. The developed technique is specially intended to provide a better estimation in 
modelling bulk adhesives and adhesively bonded joints and should be applicable to any 
bonded joint configuration. 
This work combines the quest for a design tool (for predicting failure due to initiation and 
development of cracks) with the engineering application of adhesive materials by applying 
the same predictive model to the bulk adhesive and adhesively bonded joints. To do this 
the research programme has been divided into two parts a) the experimental work and b) 
the development of the modelling technique. This last part forms the majority of the work. 
A schematic outline is given in Fig. 1.1. 
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Experimental work 
Experimental results were required to validate the modelling technique developed. 
Experimental work includes manufacturing the bulk and joint test specimens and the 
required attachments and fixtures and running the tests. Experimental studies have been 
carried out for a number of configurations including flat tensile specimen tests for 
verification of material properties and compact tension and double cantilever beam joint 
fracture specimens for failure loads. The same adhesive, a two part unfilled epoxy 
adhesive named "Permabound E27", is used in all cases. To minimise the effect of 
external parameters, similar manufacturing processes and environmental test conditions 
have been applied to all configurations. Results available from previous research have also 
been used. 
Experimental work 
Manufacturing 
Testing 
LEFMH Processing Material Model(s) 
Assessment 
Concluding 
Fig. 1.1- Schematic outline of the research program 
Modelling process 
Continuum FEM 
Rupture 
Performing 
Development of modelling techniques 
Several "rupture elements" have been developed that can be used to model failure. Up to 
four different phases are included in the load-displacement scheme of each type of rupture 
elements. Initially the elements are very stiff producing complete load transfer between the 
joined continuum (phase 1). This continues until a predefined critical condition is reached. 
Then a flow phase (phase 2) may be included during which the rupture element is allowed 
to deform under certain conditions. This is generally followed by an unloading phase (the 
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third phase) representing progressive damage. Releasing the elements representing 
complete rupture is the last phase (phase 4) if included. The modelling concept common to 
all types of rupture element is of localised damage and is referred to as a local damage 
based finite element modelling approach. The trigger for these elements is based on either 
the stress or strain in the adjacent continuum. Some of the elements do not include an 
unloading phase and may only be used to model failure indirectly. A variety of unloading 
schemes has been investigated. Application of some elements is restricted to use with an 
elastic continuum while others can be used in conjunction with continuum plasticity. All 
elements take the form of a user defined element subroutine that is called by ABAQUS, 
the commercial FEA code that has been used throughout this work. Details of 
developments and the range of applicability of the rupture elements together with their 
validation have been discussed. 
1.3- Overview of the contents 
The main objective of this research is to develop appropriate modelling techniques to 
predict failure and are applicable to both cracked and non-cracked configurations as well 
as elastic and elasto-plastic materials. To justify the need for such development the current 
knowledge on the subject area has to be assessed. A review of the existing literature is 
given in chapter 2. 
Chapter 3 addresses the manufacturing process and test procedures for a number of 
configurations including tensile specimens of the adhesive and bulk and joint fracture 
specimens. The results obtained from the experimental work together with available data 
from other research have been used for verification of the modelling techniques in the later 
stages. The experimental data have been processed and converted to usable information 
for later assessments through application of the conventional linear elastic fracture 
mechanics (LEFM) in chapter 4. 
Subsequent chapters describe various versions of the rupture elements developed and 
discuss their strengths and weaknesses. All the rupture elements are activated when the 
local trigger condition is reached near the location of failure and are therefore local 
damage based modelling approaches. Rupture elements are integrated into the continuum 
finite element model along the assumed plane of failure development. The elements that 
deform at a constant stress before failure are discussed in chapter 5. Chapter 6 outlines the 
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various unloading schemes used by the strain tripped elements. These elements are 
discussed in more detail in chapters 7,8 and 9. Strain tripped rupture elements with energy 
based unloading are discussed in chapter 7. A modified strain tripped rupture element that 
uses a time based unloading scheme is applied to a bulk adhesive specimen (CT) in 
chapter 8 and to an adhesive joint (cleavage) in chapter 9. In chapter 9 both cracked and 
non-cracked configurations and mode-I and mixed mode loading are studied. The 
applicability of this type of rupture element as a failure prediction technique in a plastic 
continuum has been assessed. Finally according to the achievements of the work, possible 
areas of further development are suggested in chapter 10. 
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Chapter 2: Literature review 
2.1- Introduction 
It is the intention of this work to develop a "finite element" modelling technique based on 
"fracture and damage" concepts for "failure" prediction in "adhesive materials". These 
key terms are now defined. 
" Finite element: Finite element analysis is the most widely used method to provide 
solutions to problems of this type. Where the stiffness matrix itself appears to be a 
function of deformation matrix for any reason the finite element analysis becomes 
non-linear and iterative solution techniques such as Newton-Raphson can be used. 
" Fracture and damage: Fracture and deformation are two physical mechanisms that 
can occur when a solid system is subjected to loading. The main characteristic of 
fracture is that the cohesion of the matter is destroyed (note that this is maintained in 
deformation). Fracture is defined as the creation of surface or volume discontinuities 
within the material (Lemaitre and Chaboche 1994). In a schematic representation 
fracture is classified into three analysis scales, the microscopic scale, the macroscopic 
scale (the area of damage mechanics) and the scale of structure (the area of crack 
mechanics which is mostly referred to as fracture mechanics). "Fracture Mechanics" 
and "Damage Mechanics" study the conditions of fracture and subsequent failure in 
mechanical components. 
" Failure criteria: A range of criteria is available that can be used to define the 
condition of failure in engineering materials. Different failure criteria may suit 
different types of materials so their sensitivity to parameters such as temperature, rate 
and other environmental parameters can be accounted for. Failure criteria and material 
properties are generally coupled elements of a design tool. 
" Adhesive materials: The use of an appropriate constitutive material model is important 
if the analyses are to be representative. The response of a mechanical system to 
loading depends on the properties of the materials the system is made of and the way 
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they fail. The industrial application of structural adhesives is dramatically increasing. 
Adhesive materials are usually both rate and temperature sensitive. 
This review aims to address the current knowledge available in the subject area and to 
justify the need for carrying out this research and its significance. It is not however 
appropriate to provide a review of finite elements, fracture and damage mechanics and the 
adhesive materials and their failure criteria in this thesis. To provide the theoretical 
background that supports the subject area a number of references (textbooks) are 
recommended. In the area of finite element analysis, Zienkiewicz and Taylor (1991) for an 
overall coverage, Owen and Fawkes (1983) on numerical methods in fracture mechanics, 
Owen and Hinton (1986) on non-linear finite elements and Smith and Griffiths (1998) for 
programming the finite element problems would be particularly helpful. In the field of 
fracture mechanics Broek (1982,1989) and Anderson (1995) cover the fundamentals of 
linear and non-linear fracture mechanics. A series of publications by Liebowitz (1972) 
covering a wide range of aspects of fracture mechanics is also available. 'A good reference 
covering both fracture and damage mechanics where a wide range of material models and 
failure criteria are also discussed is the work of Lemaitre and Chaboche (1994). Kinloch 
(1987) is a general reference on adhesive science while engineering applications of 
structural adhesive joints are discussed by Adams (1981) and Adams et al. (1997). 
The existing literature on the application of finite element analysis to model crack 
initiation and propagation in materials including adhesives and adhesively bonded 
structures has been briefly reviewed in this chapter. The schematic diagram of failure 
modelling shown in Fig. 2.1 outlines the place of this work and justifies its relevance to 
the reviewed literature. 
It has to be noted that some expressions have been used with somewhat different concepts 
in the literature. Throughout this work this may be seen occasionally. Especially "local" 
and "localised" have been used against "global" and "continuum". Also "interface" may 
refer to either bi-material interface or interface elements (such as bridging elements). 
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Fig. 2.1- Schematic diagram of failure modelling showing the placement of this work 
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2.2- Overview of FEM and material response in failure modelling 
As has been already pointed out in this research program a local damage approach is to be 
used as the basis of the development of finite element techniques that model fracture. Thus 
fracture mechanics based studies of cracked problems as well as continuum damage-based 
and local damage-based modelling approaches to fracture, with special interest in the 
latter, are reviewed. The material aspects in terms of the mechanical properties, the stress 
and strain based failure criteria and the finite element analysis are normally included in the 
discussion of the fracture problems. Thus the available literature on these issues is 
addressed briefly in this section. Emphasis is then directed mostly to different fracture 
mechanics and damage mechanics based approaches with special focus on the local 
damage based approach that are discussed in the two subsequent sections. 
Materials and failure criteria: 
Some constitutive laws assume plastic incompressibility and yielding that is insensitive to 
hydrostatic stress. The yield criterion is usually based on a simple tension/compression 
stress (Rankin), the maximum shear stress (Tresca) or an energy based equivalent normal 
stress (von Mises). The material is assumed safe if the stress parameter suggested by the 
criterion is on the stress surface or yielded if it falls beyond the stress surface. Such yield 
criteria are generally appropriate for metallic engineering materials but do not suit 
polymeric materials such as adhesives that are generally pressure sensitive. Other laws 
however, consider the role of hydrostatic stress (Raghava, Drucker-Prager, etc. ) and 
effects such as strain rate and temperature (Eyring (1936), Robertson (1966)), void 
nucleation (i. e. Gurson (1977)) and so on. These are widely used in the literature to 
represent the response of the adhesives. 
Considering traditional failure criteria for isotropic bodies Theocaris (1995) has compared 
these with the modem versions that take into account the contribution of hydrostatic 
component of stress in failure. Local failure criteria are also used in the prediction of 
ductile fracture (Zhang and Niemi (1994)). Application of failure criteria to structural 
adhesives and adhesive joints as with most other engineering materials can be classified 
into the stress/strain based criteria and fracture /damage based criteria. With each class a 
"local" and a "continuum" approach can be adopted. 
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Stress/strain based criteria are generally found in two forms in the literature. Either a 
critical value of stress or strain at any location in the structure under consideration or a 
stress/strain parameter at a characteristic distance from the point of singularity (i. e. the 
crack tip) has been used to detect the failure condition. Different stress or strain 
parameters have been used to model failure in various configurations. These parameters 
include stress parameters such as von Mises, maximum principal, peel or shear stress and 
strain parameters such as maximum principal, peel, shear and maximum uniaxial plastic 
strain. The modelling approaches that are based on a stress/strain parameter at a 
characteristic distance also use similar parameters but referred to a specific location in the 
structure and are therefore considered as more localised approaches. It is worth 
mentioning that the use of some other approaches such as limit state analysis (i. e. 
Crocombe (1989)) and plastic energy density (i. e. Adams and Harris (1987)) can also be 
found in the literature that fall under the stress/strain based criteria. The general problem 
that seems to be associated with most of these criteria is the fact that each approach may 
suit special configurations and cannot be recommended as a generally applicable 
technique (Crocombe et al (1990). Criteria using stress/strain at a distance appear to be 
like a transition approach linking this class of modelling techniques with the conventional 
fracture mechanics. 
Fracture/damage mechanics based criteria are widely used to model failure in a broad 
range of engineering problems and in many aspects are well established and provide quite 
satisfactory predictions in practice. Numerous examples are available in the literature a 
selection of which are mentioned later in this review. 
Finite elements in fracture studies: 
Both fracture mechanics and damage mechanics model crack initiation and crack 
propagation. In most practical engineering problems, the governing equations are so 
complicated that analytical solutions are not available (or include many simplifying 
assumptions) and FEA has to be carried out to obtain a solution. Application of FEA to 
crack studies is thus an essential part of the investigations addressed further in this work. 
The finite element method is a powerful analysis tool that is capable of providing solutions 
to virtually any type of fracture problem. It has been widely used in the study of crack tip 
problems and bi-material singularities that are common in the study of bulk adhesives and 
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adhesively bonded joints. Using an appropriate FEA code it is possible to provide detailed 
information for a wide range of configurations and to account for material and geometric 
non-linearities where applicable. The results of these analyses have been used in 
conjunction with different fracture models and failure criteria to provide more accurate 
design tools. Determination of stress, strain and displacement around the crack tip is 
fundamental to the study of fracture and thus has received much attention. Gallagher 
(1978) presented a review on the application of finite element analysis in fracture 
mechanics. Singularity formulations, calculation of fracture mechanics parameters and 
computational aspects of the problem are reviewed in this work. 
In many practical cases a two dimensional finite element analysis is found to provide 
sufficiently accurate results. Numerous examples of the application of the finite element 
method for the analysis of fracture problems including adhesive joints can be found in 
literature. The work of Agnihotri (1993) is an example of application of FEA to the crack 
tip stress field problem in which a 2-D finite element model is used and the effect of 
singularity near the crack tip is simulated. Crocombe and Adams (1981 and 1982) are 
examples of the use of FEA in adhesive joints including geometric and material non- 
linearities respectively. Where variation of parameters through the width is necessary 3-D 
finite element analysis, although requiring significantly higher memory and time, can be 
carried out (i. e. Zhao 1991). 
2.3- Fracture mechanics and cracks 
2.3.1- Fundamental concepts 
Inglis (1913) calculated the stress field for an elliptical flaw. Based upon this work, 
Griffith (1921) presented the energy based fundamental fracture parameter that 
characterises failure. It is "the critical energy release rate" or "Fracture Energy" (Gc) 
which is the energy required for the crack to propagate. He stated that failure in a brittle 
system happens if the system can supply the energy required to produce a crack (to 
overcome the crack resistance). 
Muskhelishvili (1933), Westergard (1939), Paris (1965), Eshelby (1968) and many others 
have studied the problem of an elastic stress field at the vicinity of the crack tip. The crack 
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tip stress field can be generalised in terms of the fracture parameter K (stress intensity 
factor) and a stress singularity at the crack tip. The stress components are inversely 
proportional to "Ir" ("r" corresponds to the distance from the crack tip of the point at 
which the stresses are of interest). This means that stresses at the crack tip are theoretically 
infinite. In reality however plastic deformation at the crack tip results in the formation of a 
"plastic zone" of size r* (depending on the material properties) and thus the stresses 
remain finite. For reasonably small plastic zones the stress intensity factor still 
characterises the stress field and its critical value Kc (known as the "plane strain Fracture 
Toughness" or simply "Fracture Toughness") can be considered as a material parameter 
which like Gc characterises the fracture condition. The use of Kc and Gc to predict 
fracture are basic concepts in linear elastic fracture mechanics (LEFM). These fracture 
parameters are related through the material elastic constants E and v. They can be used to 
predict the condition of failure of high strength materials having a low fracture toughness 
in which the plastic zone size is quite small compared to the crack size. If this is not the 
case (i. e. low strength materials with a high toughness) LEFM does not apply and 
alternative fracture parameters such as critical "Crack Tip Opening Displacement" 
(CTOD) and the critical value of the J- integral are used to describe the fracture condition. 
These are known as "Non Linear Fracture Mechanics" parameters (Broek, 1982). 
Although some attempts have been made to use a fracture mechanics based approach to 
non cracked systems it is not generally applicable to the crack initiation problem. Much 
work has been carried out on crack studies using linear and non-linear fracture mechanics 
concepts and due to the complexity of the problem, numerical methods (generally the 
finite element method) have been widely used to solve the governing equations. Some of 
the most recent investigations are addressed in this chapter. Additionally a number of 
analytical solutions of the crack problem are addressed in the literature. In this review 
classification is based on the modeling procedure and not the method of solution. Some 
basic reference work can be found in the literature that opens new approaches in crack tip 
studies and modelling techniques. These are of special importance and are used as the 
fundamental investigations referenced by many others. Dugdale (1960) for the first time 
used the concept of cohesive forces and obtained a relation between the extent of plastic 
yielding and external load in a steel sheet containing slits. Later Hutchinson (1968-a), Rice 
and Rosengren (1967) and Hutchinson (1968-b) presented the stress and strain field at the 
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crack tip in a plastic hardening material as a nonlinear fracture mechanics solution for the 
crack problem (Known as the HRR solution). 
2.3.2- Slow crack growth 
The work of Wang and Fan (1994) is an example of the analytical solution of a non linear 
fracture mechanics problem. They have presented a solution to a mode-I crack in a non- 
linear material by using the constructive function method. 
In the recent works by Lee et al. (1996,1997) constitutive equations for an elasto-plastic 
theory with isotropic hardening are constructed and a non-linear finite element program is 
developed based on this theory to analyse two-dimensional slow crack growth in a self- 
similar manner. A linear relation between the plastic energy and the crack size during the 
process of slow crack growth is reported. FEA of slow crack growth in mixed mode 
fracture has been performed. 
A finite element solution of crack growth in incompressible elasto-plastic solids, with 
various amounts of yielding, was presented by Liu and Drugan (1993-a). They used a fully 
incompressible material model with no hardening and compared their results with the 
analytical solutions. Liu and Drugan (1993-b) have also carried out the finite deformation 
FEA of tensile growing crack fields to investigate the difference between these and the 
solutions of the usual small displacement gradient formulation. 
A study of sub-critical crack-growth in elasto-plastic materials with overshoot was carried 
out by Sih and Li (1993-a, b) which covers both analytical modelling and numerical 
results. An incremental theory of plasticity is employed where isotropic and kinematic 
hardening of the material are accounted for. The effect of material type, specimen size and 
loading step on crack growth is reflected in the results. Finite element analysis was then 
used to solve the suggested model. 
Scimarella and Combel (1996) applied a computer-assisted Moire technique and finite 
element analysis to determine the displacement, stress and strain in the neighbourhood of a 
crack tip. They stated that the presence of a HRR plastic field is not confirmed by either 
experimental observations or numerical results. They have also indicated the strong 
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influence that the residual stresses generated during the fatigue loading have on the 
formation of a sharp crack and the associated stress distribution. 
Presented above are just a few examples. Numerous other works can be found in the 
literature on the study of slow crack growth such as Bigoni and Radi (1993), Gray (1994), 
Maiti and Savla (1993), Ukadgaonker and Awasare (1995) and Xia et al. (1995). 
2.3.3- Dynamic crack propagation 
Koh et al. (1995) presented an incremental formulation of the moving grid finite element 
method based on an Eulerian-Lagrangian kinematics description (ELD) to predict dynamic 
crack propagation in brittle materials. 
A model for prediction of crack initiation is suggested by Kotousov (1995) which is based 
on experimental work and the energy wave approach. The developed model has been 
checked by experimental results and good agreement is reported. 
Narasimhan and Venkatesha (1993) used the finite element procedure to analyse dynamic 
crack propagation in an elasto-plastic material under mode-I plane strain small-scale 
yielding considering the influence of anisotropic strain hardening on the resistance to rapid 
crack growth. 
A criterion for prediction of dynamic crack initiation based on a dynamic critical stress 
intensity factor is presented by Watanabe (1994). This critical parameter is defined in 
terms of loading time, critical stress for micro-crack growth in dynamic loading and 
characteristic parameters of micro-crack growth under the conditions of static loading. 
A numerical analysis of dynamic crack growth along an interface is presented by Xu and 
Needleman (1996) in which a cohesive surface constitutive relation is specified that allows 
for the creation of new free surface and relates the traction and displacement jumps across 
the bond line. 
Numerous work on dynamic crack propagation found in the literature are ignored here in 
the interest of brevity. Such work includes Wang and Williams (1994), Banerjee et al. 
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(1993), Deng (1993), Deng et al. (1994), Mirsalimov (1997), Shenoy and Kumar (1994) 
and Tvergaard and Needleman (1993). 
2.4- Damage mechanics and cracks 
2.4.1- Fundamental concepts 
Damage as a phenomenon represents discontinuities (volume discontinuities in the form of 
cavities and surface discontinuities in the form of micro cracks). The theory of damage 
describes the evolution of the phenomenon between the initial or virgin state (from which 
the history of loading is known) and the final state of damage or the macroscopic crack 
initiation. It deals with the effects on the material response of damage due to the presence 
and coalescence of micro cracks and modelling of the progressive deterioration of matter 
preceding the macroscopic fracture. Damage theory is generally concerned with various 
materials for a wide range of temperatures under any kind of loading. The evolution 
mechanisms of damage are classified as macro brittle damage (i. e. concrete under 
monotonic loading), ductile plastic damage (large plastic strains leading to growth of 
cavities), brittle visco-plastic damage (occurring in conjunction with creep strain) and 
fatigue damage (micro brittle fracture under the action of repeated loads). A theory of 
"Continuum Damage Mechanics" was first proposed by Kachanov (1958) who introduced 
a continuous damage variable to model creep failure of metals under uni-axial loads. The 
concept was extended to ductile fracture and fatigue fracture in the seventies. Different 
damage models have been proposed by Lemaitre (1984,1985,1986), Lee et al. (1985), 
Krajcinovic (1985), Chow and Wang (1987), Chaboche (1988) and others (see Lemaitre 
and Chaboche (1994)). 
The relative area of cracks and cavities (the surface density of discontinuities of the 
matter) cut by the plane normal to the direction n is defined as the damage variable. It 
depends on the orientation in the case of anisotropic damage (the scalar variable D,, ) and 
characterises the damage state in the case of isotropic damage (the scalar D). Considering 
the concept of effective stress (crrj) introduced by Robotnov (referenced by Lemaitre and 
Chaboche (1994)), the principle of strain equivalence states that the equivalent strain (8e) 
is equal to o-f divided by the modulus of elasticity (E). The critical value of the damage 
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variable (D) is then defined in terms of the "ultimate fracture stress" (o) and the 
"uniaxial stress at fracture by decohesion" (a,,, f ). Based on the strain equivalence 
hypothesis and the concept of effective stress, the damage variable can be measured in 
terms of variation of the modulus of elasticity, plasticity characteristics such as monotonic 
hardening and cyclic hardening characteristics, and visco-plastic characteristics. More 
detail can be found in Lemaitre and Chaboche (1994). 
In addition to continuum damage, "local" approaches should also be considered. In these 
modelling approaches a thin zone of material in which the non-linear separation processes 
take place ahead of a notch or traction free surface is modelled. 
A classification of approaches to model material separation is presented by Xie and 
Gerstle (1995-a). They have stated that either a continuum or discrete (local) approach can 
be used in modelling. Local approaches include LEFM and the cohesive crack approach in 
which the Fracture Process Zone (FPZ) is modelled by a layer of interface elements with 
zero width. Continuum approaches consist of the crack band approach (where FPZ is 
modelled by a layer of continuum elements and material properties are adjusted according 
to the element width) and non-local continuum damage mechanics model (in which both 
the length and width are modelled by continuum elements in detail). Fig. 2.2 (reproduced 
from the paper) provides a better picture of the classification given in this paper as it is 
helpful in recognising the class of approaches related to those used in the present work. A 
combined discrete and continuum approach for modelling material separation is also 
proposed by Xie et al. (1995). They have indicated that the energy dissipated by the FPZ 
should be correctly accounted for when modelling problems associated with material 
separation. It has also been mentioned that in strain softening materials the length of the 
FPZ is comparable with the sizes of typical structures. The height of the FPZ is of the 
order of the maximum aggregate size and is usually small compared with its length. From 
the structural analysis point of view the FPZ dimensions need only be explicitly modelled 
when they are not too small compared to the dimensions of the structures. Mesh 
objectivity problems are associated with the continuum approach in the modelling of the 
localised damage process. In the cohesive crack model a layer of interface elements is 
used to model the fracture process zone. A traction-crack opening displacement 
constitutive model may be used to take into account the dissipated energy within the 
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fracture process zone. In a cohesive crack model the singular stress is relaxed by inelastic 
deformation in a zone directly ahead of the crack, the "Cohesive Zone" (see Xie et al. 
(1994)). A number of investigations based on this approach are presented in this paper. 
Continuum element 
Fracture process 
zone (FPZ) P 
IP 
WP 
Nonlocal continuum approach: Q 
Both the length and width of 
FPZ are modelled in detail 
by continuum elements 
Le 
Crack band approach: a FPZ is modelled by a layer o 
continuum elements and the 
material properties are adjusted 
according to the element width A(e") E 
"reR W 
Cohesive crack approach: F 
FPZ is modelled by a layer 
of interface elements with 
Interface element zero width GF 
Fig. 2.2- Modelling philosophies of discrete crack approach and smeared crack approaches 
(Reproduced from: Xie and Gerstle, Energy-based cohesive crack propagation modelling, 
Journal of engineering mechanics, pp 1349-1358,1995) 
In the commonly used cohesive crack approach, a strength based criterion governs the 
condition of propagation (i. e. crack propagates when the maximum principal stress at the 
cohesive crack tip exceeds the tensile strength of the material). This approach (strength 
based) requires a very fine mesh to achieve accurate stress values. An energy based 
criterion has been developed by Xie and Gerstle (1995-b). They have shown that from an 
energy point of view the crack band approach is essentially equivalent to the cohesive 
crack approach (This will be discussed later). 
In the work of Cox and Marshal (1994) "Cohesive Zone" and "Bridged Crack" models are 
considered as broad categories that account for the partial damage on or near the fracture 
plane of a single crack. In the cohesive zone model the stress field is taken to be non- 
singular everywhere, whereas in the bridged crack model a singular field is permitted at 
the tip of the nonlinear zone. In a cohesive zone the net stress intensity factor, Ktip at the 
leading head of the nonlinear zone is set to zero (Ktjp Ka-Kb=O, where K. and Kb are 
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contributions to Kt1 from the applied load and the opposing traction respectively). In a 
bridged crack model on the other hand the near tip process is modelled via the single stress 
parameter Kt; p, the stress and strain fields there 
have known asymptotic forms, and the 
standard results for stress intensity factors are used. In this work a detailed review of 
"bridged crack" models (non-vanishing K-tip) and traditional "cohesive zone" models 
(vanishing K-tip) is reported. 
Finite element techniques have been used in the analysis of damage mechanics as well as 
fracture mechanics problems, in conjunction with proposed models of failure. Damage 
mechanics theories are generally capable of predicting the initiation of a crack as well as 
its subsequent propagation. Damage mechanics based models have therefore been used to 
study this kind of failure in engineering materials. Damage mechanics based modelling 
(both local and continuum) which is the subject of current research appears to be the most 
promising technique for development of more general failure criteria of this kind (failure 
as a result of initiation and propagation of cracks). Below is a review of recent work found 
in the literature. 
The textbook of Lemaitre and Chaboche (1994) provides a good background in this field. 
2.4.2- Continuum damage based modeling 
Some ductile damage evolution models based on continuum damage mechanics which are 
expressed in terms of the dissipation potential "D" (see Lemaitre and Chaboche (1994), 
p278,401) and the continuum damage variable " D" are reviewed by Chandrakanth and 
Pandey (1993). These include "Lemaitre's damage model", "W H Tai's damage model" 
and "Wang Tie-Jun's damage model". A damage evolution model based on a dissipation 
potential has been developed and verified with the experimental curves reported by others. 
Chow and Chen (1994) analysed the CT fracture specimen using an endochronic damage 
model and 3-D finite element analysis. They proposed a three-dimensional crack initiation 
criterion that uses the critical value of YR (tangential component of damage strain energy 
release rate at a radial distance from the crack tip) to predict the crack initiation load. The 
initiation direction is predicted to lie on the maximum damage plane. The ductile model 
they used was actually an elasto-plastic damage theory coupled with isotropic non-linear 
kinematic hardening. 
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Howard et al. (1994) used a continuum damage model (proposed by Rousselier) and 
performed a 3-D finite element analysis to predict ductile crack growth in large centre 
cracked panels. Material behaviour is represented by internal parameters that have been 
tuned based on experimental results. 
A continuum damage mechanics model has been proposed by Dhar et al. (1996) in which 
void growth and crack initiation in ductile material is studied. Using incremental flow 
theory along with a damage variable, they have modelled the material behaviour in an 
elasto-plastic regime. It is proposed that the critical value of the damage variable can be 
taken as a crack initiation parameter. 
Lemaitre and Doghri (1994) have developed a post processor called DAMAGE-90 for 
crack initiation. The crack initiation conditions are calculated from the history of strain 
components as output from finite element calculations and is based on damage mechanics 
(introducing a continuous damage variable) using coupled strain-damage constitutive 
equations for linear isotropic elasticity, perfect plasticity and a unified kinetic law of 
damage evolution. It is able to model failure in ductile and brittle materials. 
Tang and Plumtree (1994) examined the applicability of three continuum damage 
mechanics models (isotropic, anisotropic and orthotropic) to two types of polymers (one 
predominantly elastic, the other with a large amount of plasticity). They studied the static 
behaviour of two polymers and determined the damage parameters. 
Principles of damage mechanics have also been applied with finite element analysis to 
determine the strength of structural adhesive joints. A symmetric second rank damage 
tensor is used for this purpose by Chow and Lu (1992). They have also applied two novel 
damage fracture criteria to study the issue of fracture initiation angle and fracture load. 
The dilatational part of the total energy is assumed to control the evolution of damage. 
Based on their generalised model of anisotropic continuum damage mechanics of elasticity 
and plasticity, Chow and Wang (1988) have presented a finite element formulation for 
ductile fracture. The failure loads predicted by this model have shown excellent agreement 
with experimental data. 
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Ju (1991) has presented two-dimensional micro-mechanical damage models that account 
for statistical micro crack configurations and strong micro crack interactions and arrives at 
averaged (macroscopic) constitutive laws for brittle solids. He has suggested that these 
models provide a framework for deriving constitutive laws, based on micro-mechanics and 
the ensemble-average concept, for brittle solids containing many strongly interacting 
arbitrary micro crack arrays. These models have been used to investigate the overall 
nonlinear mechanical response of micro crack-weakened brittle solids. In this analytical 
work "the ensemble-volume average overall compliance" is introduced. 
2.4.3- Local damage based modeling 
Chaouadi et al. (1994) used a local damage model that combines the Rice and Tracey 
cavity growth model with the plastic strain work to derive an intrinsic parameter called 
"damage work". In the "Rice and Tracey cavity growth model" the cavity radius rate is 
related to the stress-strain field, the damage is related to the cavity radius and crack 
initiation is controlled by a critical radius of the cavity. Due to the localised high plastic 
strains, local compressibility' has been assumed and volume change has been taken into 
account in the evaluation of the plastic strain work. They investigated the crack initiation 
location and the crack initiation step. The model was analysed using finite element 
methods and predicted ductile failure initiation. The nucleation and coalescence of cavities 
are not taken into account in this local damage based model as these are assumed 
negligible compared to the growth phase. Hydrostatic stress is considered. Two special 
purpose alloy steels that are used in nuclear pressure vessel industry were tested. The 
predictions of the model are verified by comparison with the experimental results and with 
the Rice and Tracey cavity growth model. 
Some local approach methodologies in the modelling of ductile fracture are discussed and 
compared by Zhang and Niemi (1994) including a critical void volume fraction criterion 
based on Gurson-type constitutive relation (F), a critical void growth criterion based on 
Rice-Tracey void growth equations (i and Thomson's plastic limit-load criterion (S). 
Using a dual dilatational constitutive model they have introduced a method that correlates 
* The relation is given as: bV/V = 8cjr = 3(8R/R) 
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the predictions well. The proposed model is obtained by applying two modifications to the 
(5) criterion to improve the predictions for low and high stress triaxiality fields. 
Local damage evolution relations are used by Voyiadjis and Park (1997) in the analysis of 
fibre reinforced metal matrix composites. Damage and plastic deformation is incorporated 
in the proposed model. They have used separate local evolution damage relations for each 
of the matrix and fibre and have coupled these with interfacial damage between the matrix 
and fibre to form a "micro-mechanical damage composite model". FEA is used to predict 
the failure loads. An overall damage tensor is introduced that accounts for all separate 
damage tensors (matrix, fibre and interface). Damage effects are incorporated in an elasto- 
plastic constitutive model for the system. 
Cohesive zone modelling; a local approach 
Hui and Raphael (1993) in their analytical work have compared and proved the 
equivalence of two cohesive zone models, the "de Gennes" approach who proposed the 
formulation using a source function ((D) and the "standard weight function" formulation 
presented by Bueckner (1970) and Rice (1972) (both referenced by Hui and Raphael 
(1993)). 
Xie and Gerstle (1995-b) have presented a derivation of the energy based cohesive crack 
modelling approach rather than the commonly used strength based criterion to reduce the 
required mesh density near the FPZ to produce convergent results. This approach is based 
on energy conservation. The cohesive crack propagates if the partial derivation of the total 
energy with respect to the area of the total crack becomes negative' (at the critical 
condition it is zero). This condition is actually the Griffith energy balance equation in a 
more general context. In this work they have generalised the Virtual Crack Extension 
(VCE) technique to implement the energy approach using FEM. The basic assumptions of 
the cohesive crack model have been adopted and the material outside the cohesive zone is 
considered to be linear elastic. The propagation direction is still determined by the 
maximum principal stress (rather than the maximum energy release rate). The volumetric 
energy dissipation (E, ) is also neglected. The finite element formulation of the 
The propagation condition is given as: 
- (U 
-W+ EE0 + Es + EpD) <0 
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propagation condition is presented and a fully automatic crack propagation programme has 
been developed. Due to the remeshing algorithm used, only triangular elements can be 
used around the crack tip. Modelling philosophies of Discrete Crack and Smeared Crack 
approaches are also described schematically in this paper. 
The work of Ostlund and Nilsson (1993-a) reports the fundamental aspects of cohesive 
modelling of the process region for cracks in linear elastic structures. These include 
growth of the front end of the cohesive zone, advance of the original traction free crack, 
instability resulting in failure of the structure, the influence of the size of the structure 
compared to the length of the cohesive zone and so on. The maximum load and the length 
of the cohesive zone at instability resulting from this analysis are compared with the 
values predicted by LEFM. Good agreement has been reported. 
Cohesive zone modelling of the damage response at the crack tip in a linear elastic 
isotropic double cantilever beam has been investigated by Ostlund and Nilsson (1993-b). 
The simple Euler-Bernoulli theory has been applied and the results are compared with 
two-dimensional theory of elasticity. Growth of the tip of the cohesive zone is controlled 
by a critical value of Kt; p and three models are used to define the fracture surface traction 
and the net crack opening displacement. 
Amini and Wnuk (1993) used the governing non-linear differential equation of mode-I 
fracture under small scale yielding, derived on the basis of the energy partition concept in 
association with a cohesive crack model, to describe the quasi-static extension of cohesive 
crack. 
Fager and Bassani (1993) investigated crack growth under small scale creep/damage 
conditions using a cohesive zone model of the Dugdale-Barenblatt type. A power-law 
viscous over-stress relation modified by a one parameter damage function of the 
Kachanov type was used to describe the material inside the cohesive zone. 
Zhang and Gross (1995) presented a cohesive plastic/damage-zone model of the Dugdale- 
Barenblatt type for analysing crack growth in ductile materials with damage evolution. A 
simple damage model of the Gurson type is developed for uni-axial tension to describe the 
macroscopic properties of the cohesive plastic/damage zone. The effect of damage 
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evolution on the ductile crack growth is discussed. 
Yuan et al. (1996) have studied ductile crack growth using a cohesive zone model with the 
aid of finite element calculations. They proposed that the cohesive zone model is a 
promising criterion to characterise ductile fracture (stable crack growth). 
The fracture process has been characterised by Tvergaard and Hutchinson (1992) using 
FEA of crack growth onset and subsequent resistance for an elasto-plastic (strain 
hardening) solid with an idealised traction-separation law. The traction-separation law is 
specified by the work of separation per unit area and the peak traction. The relation 
between crack growth resistance and fracture process parameters is studied. Applications 
include the prediction of toughness when the fracture process is void growth and 
coalescence, and the role of plasticity on the interface toughness of dissimilar materials. 
A model of two elastic adherents joined through a thin ductile layer obeying the standard 
isotropic hardening incremental plasticity (J2 flow theory) was used to study the 
contribution of plastic deformation to the effective work of fracture for a crack lying along 
one of the interfaces (Tvergaard and Hutchinson (1994)). The role of the layer thickness in 
the development of the plasticity contribution to toughness is studied in detail. This work 
confirms that above a certain thickness, a characteristic of the plastic zone dimension, 
plastic dissipation is fully realised and below this dimension it is increasingly negligible. 
The model parameters are the layer thickness and properties, work of separation and the 
peak separation stress. Two fracture processes, the mechanism of void growth and the 
coalescence and cleavage-like mechanism are discussed, and FEA is carried out. 
Separation is characterised by a traction-separation law. 
Mixed mode resistance behaviour of structural adhesively bonded joints was presented by 
Shah e1 al. (1996). Three models of the traction-separation law, rigid, triangular and 
trapezoidal separation, have been analysed. The epoxy layer is considered as isotropic and 
elastic and the adherent as an anisotropic elastic material. 
Tvergaard and Hutchinson (1996) have recently studied crack growth in an elasto-plastic 
solid by a computational model. They used a cohesive zone model to characterise the 
fracture process. In addition to the two basic parameters in the cohesive zone model (the 
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separation work per unit area and the peak stress required for separation) the effect of 
crack tip plastic straining on the peak stress was also incorporated in this work. Thus the 
effect of strain-dependent cohesive zone models on prediction of crack growth resistance 
was investigated. 
Using a global thermodynamic analysis, a solution of the running crack problem was 
presented by Costanzo and Allen (1995). In this work the crack was modelled as an 
evolving partially cohesive interface. The general form of the constitutive relationships for 
the cohesive part of the crack surface was formulated. This work covers most of the 
cohesive zone models available from the literature. Thus a general form of the cohesive 
zone model is suggested. 
Needleman (1987,1990) reported an analysis of tensile decohesion along an interface (a 
visco-plastic block from a rigid substrate) using a cohesive zone type interface model. He 
also used a cohesive zone model to provide a unified framework for describing the process 
of void nucleation from the initial debonding through complete decohesion. He analysed a 
boundary value problem, simulating a periodic array of rigid spherical inclusions in an 
isotropically hardening elastic visco-plastic matrix. The analysis showed that depending 
on the ratio of the characteristic length (introduced to the formulation due to dimensional 
considerations) to the inclusion radius, decohesion occurs either in a ductile or brittle 
manner. In the finite element analysis carried out the inclusion volume fraction and 
geometry as well as the matrix material properties remain fixed and the interface 
characteristics are varied. 
The process of interfacial decohesion, using separate constitutive relations for material 
phases and for the interface has been analysed through the presentation of a 
phenomenological framework by Needleman (1992). A traction-displacement relation 
introducing a characteristic length characterises the interface. Interfacial decohesion 
(which can be predicted without the introduction of an additional failure criterion) and 
void nucleation is discussed. In this overview a perspective of the theory is given with a 
focus on needs for improved modelling. 
The stability of the cohesive crack model is discussed by Bazant and Li (1995-a, b). They 
showed that under the assumption of no unloading the cohesive crack model can be 
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formulated in terms of minimisation of either the complementary energy or the potential 
energy of the system. This formulation provides the conditions for the loss of stability of a 
structure with a growing cohesive crack. 
Swadener and Liechti (1996) studied the effect of plastic dissipation on mixed mode 
interfacial crack growth. They used a cohesive zone model for the debonding process. A 
nearly linear traction displacement relation on the crack surfaces and a constant length 
cohesive zone is considered. Using the facility of user material subroutine in ABAQUS 
standard, a material model is defined that captures the hydrostatic stress and strain rate 
dependencies of the adhesive layer used in the sandwich test specimen. 
Tvergaard and Hutchinson (1996) used a cohesive zone model that incorporates the effect 
of crack tip plastic straining on the peak stress to model crack propagation. 
Using a cohesive zone associated with a semi-infinite crack in a remotely loaded infinite 
solid (a base-line model) Smith (1993) has presented formulae for calculation of some 
cohesive zone parameters. 
Interface modeling, a local approach 
Interface modelling can be considered as a link between LEFM and Cohesive zone 
modelling. Cox and Marshall (1994) have classified the discrete crack approaches as 
"Bridged Crack" and "Cohesive Zone" models as mentioned earlier. Interface modelling 
has been applied to assess the material separation in different fields such as in composites, 
structural bonding, polymers etc. 
The work of Chen (1985) (see Selvadoria and Voyiadjis (1986)) is an example of the 
application of interface crack modelling in a different field. He idealised the problem of 
hydraulic fracturing containment to the analysis of an interface crack using the FEA. 
Needleman (1990) used an interface model that consists of a visco-plastic block and a 
rigid body to investigate the interface crack propagation. 
The boundary element method (BEM) has also been used in the analysis of an interface 
crack between dissimilar elasto-plastic materials (Sladek J and Sladek V (1995)). The 
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boundary integral equations and integral representation of stress rate are written in a form 
that can be evaluated by the regular Gaussian quadrature rule and the J integral has been 
evaluated. 
The work of Yuuki and Xu (1994) is another example of the application of the boundary 
element method to the analysis of dissimilar materials and interface crack. They have 
applied a BEM programme for this purpose and the adhesive joints are considered as an 
application example. 
Needleman (1987,1990,1992) are cohesive zone type interface models that are mentioned 
as cohesive zone models. 
a) interface element modeling 
Pradhan et al. (1995) used paired nodes on the interface which were released one after 
another in a proper sequence to model gradual crack growth in adhesively bonded joints. 
Crocombe et al. (1995) modeled a line of localised damage, using non-linear springs along 
a plane of failure to predict the strength of cracked and non-cracked bonded joints based 
on critical opening displacement. 
Rose (1991) simulated the process of load transmission in adhesively bonded repairs at the 
immediate vicinity of the crack (for cracks in thin plates) by using distributed springs 
acting between the crack faces. 
Schellekens and de Borst (1993) in their work on numerical integration of first class* 
interface elements have discussed that due to the high initial dummy stiffness that should 
be supplied for the interface elements, oscillatory performance of interface elements may 
occur. The impact of the applied integration scheme on the stress predictions of 2-D and 3- 
D plane interface elements (first class) is investigated. It should be noted that the first class 
interface elements considered in this study are numerically integrated, whereas the second 
class interface elements are integrated explicitly. 
* Interface elements are divided into two classes. The continuous interface elements are referred to as first 
class and the nodal or point interface elements as second class elements. 
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The analytical work of Cox and Rose (1996) which has idealised the reinforcements as 
elastic perfectly plastic springs also falls into this class of modelling. 
b) Interface modelling applied to composites 
Wisnom (1996) has discussed an interface element approach to model mode-I and mode-II 
fracture in the interfacial region between composite plies where delamination occurs. 
ABAQUS finite element code has been used for this modelling. Using the User Element 
Subroutine capability in ABAQUS standard, an interface element has been developed. It 
has been assumed that the composite plies behave linear elastic and the infinitely thin resin 
rich layer between the plies is characterised in terms of stress-relative displacement 
relations representing localised yielding. Yielding is assumed to occur when a certain 
stress is reached. Further relative deformation at constant stress takes place. Finally a 
critical displacement represents failure. Using this technique mode-I and mode-II fracture 
have been simulated and it has been shown that the area under the normal stress-relative 
deformation and the area under the shear stress-relative deformation correspond to the 
mode-I mode-Il fracture energy respectively. Quadrilateral 8-node continuum elements are 
used and a compatible 6-node spring based interface element is developed. 
An inter-laminar interface modelling for the prediction of delamination is reported by 
Allix and Ladeveze (1992). The possibility of predicting the tendency of a structure to 
delaminate by using only a few intrinsic characteristics of the interface is mentioned as the 
main interest, and identification of these characteristics as the main difficulties of this type 
of modelling. It has been concluded that the interface modelling approach allows a clear 
connection between fracture mechanics and damage mechanics and it can be used for the 
predicting of delamination initiation as well as growth. 
Cui and Wisnom (1993) developed an interface model that is using spring elements to 
represent delamination. This model is applied to two example problems and its ability to 
predict the onset and growth of delamination is shown. The work of Rawers and Perry 
(1996) is another example of modelling crack initiation in composite materials. 
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2.5- Summary 
Presented in this review is a summary of recent research activities around the study of 
fracture initiation and extension of existing cracks. Fracture Mechanics has been widely 
used to study crack growth. Both slow crack growth and dynamic crack propagation are 
briefly addressed. Damage Mechanics dealing with the macroscopic scale provides the 
evolution of fracture to be studied from the initial (virgin) state (Lemaitre and Chaboche 
(1994)) and thus can be used in modelling crack initiation which is the intention of this 
research. Continuum and local damage mechanics based modelling approaches are defined 
and examples of applications are provided. The damage variable can be measured from the 
variation of mechanical properties such as modulus of elasticity, plasticity (hardening) or 
visco-plastic characteristics. It accounts for damage effect on the system response to 
loading. Observations indicate that fracture initiation is a local mechanism of damage 
evolution and local approaches are thus more realistic and additionally provide simpler 
modelling techniques. Energy based local approaches are physically more meaningful and 
provide more promising results for prediction of fracture initiation and growth. Interface 
rupture modelling techniques that account for nonlinear behaviour of the material 
surrounding the fracture process zone found in the literature were briefly addressed. The 
existing local damage based approaches do not provide a generally applicable design tool 
for predicting the crack initiation as well as crack propagation which is the main theme of 
this work. 
A general overview of the papers found in the literature that address local damage based 
approaches indicates that two types of failure modelling techniques are used. Either the 
"zero volume" interface, where one or two-dimensional elements are involved, or the 
"non-zero volume" interface, where localised continuum elements are considered, is used 
to model failure conditions. The approach used in this work is of the first type, a purely 
local approach that is simple to apply and provides the possibility to separate the 
dissipated energy from the rupture energy. Although examples of the use of this class of 
elements in failure modelling can be found in the literature (i. e. Crocombe el al. (1995) 
also Cui and Wisnom (1993) and Wisnom (1996)), none of them have considered 
separating the plastic dissipation from the rupture energy. The modelling technique 
developed in this work is applicable to non-cracked configurations, accounts for plasticity 
and predicts the failure load directly for both mode-I and mixed mode loading. 
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Chapter 3: Experimental work 
3.1- Introduction 
The experimental work undertaken in this research program includes material preparation, 
mould preparation, casting, specimen preparation, pre-cracking of specimens and test 
procedures for a range of test specimens. A two part (resin-hardener) cold cured epoxy 
adhesive was used in manufacturing all the test specimens involved in this work. Flat 
tensile (FT) specimens with two different thickness (2 and 5 mm) were tested to obtain the 
material properties. Pre-cracked compact tension (CT) and double cantilever beam (DCB) 
specimens were used in fracture tests to provide data for assessment of the fracture models 
developed in later chapters. 
3.2- Preparation of the epoxy adhesive E27' 
Storage at low storage temperature will cause the resin component of the adhesive to 
crystallise. Thus it has to be warmed to around 40 °C and held at this temperature to 
dissolve the crystals before using for preparation. 
The epoxy components, resin and hardener were initially held in an oven at the casting 
temperature of 30° C for at least half an hour. An accurate scale was used to weigh the 
required amounts of the adhesive components (100 parts of resin for 42 parts of hardener 
by weight). A clean polypropylene beaker was used for each new batch of adhesive. The 
hardener component (the lighter) was added on top of the resin. The components were 
then mixed with a clean stirring glass rod until a clear uniform mixture was obtained. The 
stirring rod was carefully cleaned with a tissue with the aid of the Inhibisol solvent 
immediately after each use. The typical stirring time was two minutes and care was taken 
to minimise the entrapment of air into the mixture during this process. The mixture was 
then degassed to remove the air trapped during the mixing process by placing the mixture 
in a vacuum container and evacuating using a vacuum pump. Care was taken to stop the 
pump and remove the vacuum as soon as the foaming process subsided (typically after 2.5 
min. ). During this process the temperature increases slightly by about 2 to 3 °C. 
' Commercial name for the epoxy adhesive made by Permabond Ltd. 
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Curing of the epoxy starts immediately after the two components are mixed and it is 
necessary to use the mixture for casting as soon as possible. It is therefore necessary to 
prepare the moulds for casting before preparation of the epoxy. 
3.3- Preparation of moulds and casting 
As mentioned in the previous section, due to the very limited time available for casting, 
preparation of moulds for manufacturing of specimens had to be completed before 
preparation of the adhesive. Procedures are described below. 
3.3.1- Flat tensile specimens 
Details of the moulds used to manufacture the flat tensile (FT) specimens are shown 
schematically in figures 3.1 and 3.2. To facilitate the removal of the specimen from the 
mould, it was necessary to prepare the mould surfaces in contact with the adhesive. Three 
different techniques were used for this purpose. These included using Melinex plastic film 
with a silicone adhesive (to stick the film on to the surface), ROCOL mould release spray, 
and a Polyimide tape which is a high performance Kapton film backed by a silicone 
thermosetting adhesive. Applying the first method, the specimens could easily be removed 
from the mould but it was difficult to obtain a good surface quality. The second was found 
to produce a lot of bubbles at the specimen surface although it was the easiest technique to 
use. Using polyimide tape gave the best specimen surface but it was rather difficult to 
remove the specimens from the mould. The best sets of specimens were obtained from the 
last method. 
Moulds were assembled properly and held in a Vulcan oven at the same temperature as the 
adhesive components (30 °C) for about one hour before casting. This prevented the sudden 
drop in temperature during the casting process. As soon as the adhesive was prepared the 
moulds were removed from the oven and filled by injecting the adhesive. The adhesive 
temperature was measured at the time of filling the moulds and it was between 31.5 °C 
and 33 °C. Injection of the adhesive into the moulds of the 5mm thick specimens was 
through a hole at one end of the specimen while the moulds were held horizontally 
(slightly inclined). For the 2mm thick specimens however the moulds were held upright 
and the adhesive was injected from the slot at one end. This was due to different 
30 
3. Experimental work 
arrangements of moulds. The moulds were filled with care and at a very slow and uniform 
rate to prevent air from being trapped in the specimen. Since the curing process starts 
when the components are mixed all of these stages were followed without delay and the 
total time spent was minimised. The moulds were then returned to the oven for curing. 
Injection 
spacer 
Face plate 
Fig. 3.1: 2mm FT (left) 
Position: vertical (as shown) 
Injection: from top slot 
Sealing: bottom & sides(Polyimide tape) 
Material: face plates: aluminium 
spacers: steel 
Spacers: 2 mm thick 
Face plates: 10 x 130 x 175 mm 
Fig. 3.2: 5mm FT (below) 
Position: horizontal (top view shown) 
Injection: from a hole on top plate 
Material: top plate: clear plastic 
bottom plate & spacers: steel 
Spacers: 5 mm thick 
Face plates: 5x 75 x 240 mm 
Fig. 3.1- Mould for manufacturing 2mm thick flat tensile specimen 
o 
0 
0 
0 
O 
Face plate Spacer Injection 
Fig. 3.2- Mould for manufacturing 5mm thick flat tensile specimen 
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3.3.2- Compact tension specimens 
Fig. 3.3 shows the details of the simple moulds used to manufacture 6mm thick slabs from 
which the compact tension (CT) specimens were made in the workshop by the use of 
machine tools. Similar techniques to those explained in the previous section were used to 
facilitate the removal of the specimen from the moulds. Slabs obtained from several 
moulds using various separation methods and adhesive batches were used and 4 to 6 
specimens were made from each slab. 
spacer 
Face plate Mould to make 6mm slabs for CT 
Position: vertical (as shown) 
Casting: from top slot (from beaker) 
Sealing: bottom (Polyimide tape) 
Material: all components steel 
Spacers: 6x 20 x 100 mm 
Face plates: 15 x 130 x 100 mm 
Fig. 3.3- Mould for 6mm thick slabs used in manufacturing CT specimen 
Assembled moulds were held in the oven at the casting temperature (30 °C) and returned 
to the oven immediately after casting. The adhesive, prepared in the beaker, was poured 
directly into the mould at a slow rate from the top corner of the slot. The moulds were held 
inclined to make sure that the corner of the mould would be filled properly and the 
possibility of trapped air inside the mould would be avoided. 
3.3.3- Double cantilever beam joints 
Due to the complexity of manufacturing tapered DCB substrates, simple flat substrates 
were used. The joint geometry is shown in Fig. 3.4. Steel substrates (165mm long) were 
cut from 10mm x 20mm flat bars and the joint surfaces were ground in the workshop. The 
effective length of substrates (from loading line to the end of joint) was limited to 150mm 
by the available space in the testing machine. Joints were made with an adhesive layer of 
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1.2 mm thick. The substrates were first washed in an ultrasonic cleaning bath with 
Acetone. The surfaces were then blasted with white alumina` abrasive grit and washed 
again in the ultrasonic bath with Acetone. To provide a strong bond between the adhesive 
and the substrate a 1.0 % (by volume) solution of Silane 187-A in distilled water (typically 
1 ml of Silane in a 100 ml solution) was used. According to application instructions Silane 
was added to the distilled water and mixed with a clean glass bar, left for one hour, applied 
to the joining surfaces for about 4 min. and dried with a Nitrogen gas stream. Prepared 
substrates were then put into the oven at the same temperature as the adhesive components 
(30 °C) to dry. 
A couple of 1.2 mm thick spacers with sharp edges were placed between substrates at the 
ends and clamped. Both sides of the joints were then sealed with polyimide tape. Finally 
the assembled joint was held on a surface in vertical position and the adhesive was 
injected, with the aid of a syringe, through the top of a slot in the tape (between the 
substrates). 
A technique was developed to manufacture DCB joints with a much smaller thickness of 
adhesive layer and a number of DCB joints with an adhesive layer of 0.1 mm was also 
made. In this case 0.2 mm thick razor blades were used as spacers. To achieve the required 
thickness of 0.1 mm for the adhesive layer a 50 µm layer was removed from both sides of 
the bonding surfaces of the substrates by grinding. The manufacturing procedure is shown 
in fig. 3.5. Blades were placed in appropriate positions and one side of the joint was sealed 
with the Polyimide tape along the slot while the other side was left open. The two 
substrates were held apart (unfolded) and using a clean glass bar a thin layer of adhesive 
was spread on the bonding surfaces. The surfaces were then put together and a load was 
put on the substrates to prevent the penetration of the adhesive between the blades and the 
substrates and to drive off the excessive adhesive from the unsealed edge. Immediately 
after the completion of the casting process the joints were placed in the oven for curing. 
Standard CSS12, grade 180-220 white alumina made by Abrasive Developments Ltd 
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1.2 
1» 
2( 
Substrates: steel, Adhesive: E27, Dimensions: mm 
According to ASTM standard D 3433-75,1980 
Fig. 3.4- Details of Double Cantilever Beam Joints 
Bonding 
Sealed side of the 
joint (Polyimide 
Unsealed side of the 
Substrate 
Injection 
Substrate 
Fold to make the 
Bonding Surface 
Tip 
Substrat Unsealed side of the 
Fig. 3.5- Manufacturing procedure of DCB joint with the small adhesive layer 
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3.4- Curing and post-curing scheme 
The same curing and post-curing schemes were applied to all types of specimens. 
Specimens were cured in a pre-heated fan-assisted Vulcan oven at 30 °C for 48 hours. In 
the case of FT and CT specimens the moulds were occasionally taken out of the oven for a 
short period of 10 - 15 minutes half way through the curing process. During this period the 
specimens were removed from moulds and returned to the oven. The moulds were then 
cleaned and prepared for manufacturing the next set of specimens. This procedure saved 
considerable manufacturing time. At the completion of curing process the oven was turned 
off and specimens were left inside to cool gradually to the ambient temperature. The 
specimens/joints were then stored in a desiccator for at least four days before they were 
post cured. Specimen/joints were post cured in a pre-heated fan-assisted Vulcan oven at 60 
°C for 6 hours. The oven was then switched off and the specimens/joints were left inside 
to cool slowly to room temperature and stored in a desiccator until tested. 
Careful attention was made to minimise the environmental effects on the material 
behaviour by following a similar manufacturing plan for all adhesive batches throughout 
the process. 
3.5- Test procedures 
3.5.1- Flat tensile specimen tests 
FT specimens were made and tested to determine the constitutive behaviour of E27. 
Specimens with 2mm and 5mm thickness were used. Several batches of adhesive were 
prepared and 4 to 6 specimens of each thickness were obtained from each batch. At least 
10 specimens of either thickness (2 and 5 mm) were selected for tensile tests. The 
geometry of these specimens is shown in figures 3.6 and 3.7 respectively. 
Removed to fit the loading grip 
50T 
125 
175 
Fig. 3.6- Details of 2mm thick Flat Tensile Specimen, dimensions: mm 
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25 
Fig. 3.7- Details of 5mm-thick flat tensile specimen, dimensions: mm 
The FT tests were carried out at a constant strain rate of 1% per min. Averaging 
extensometers with 25 mm gage-length were attached to the specimens to measure the 
strain during the test. A temperature cabinet was used to control the test temperature. The 
temperature was measured by using an accurate thermometer and kept at 22.5 ± 0.5 °C. It 
should be mentioned that the behaviour of this epoxy is both rate and temperature 
sensitive. The results obtained from the best quality specimens were processed. Results 
from the 2 mm thick specimens were then compared with the averaged results of the test 
under similar conditions reported in a previous work*. A very good correlation was 
observed. These results and typical results from 5 mm thick specimens are shown in 
figures 3.8 and 3.9. 
50 
Stress, Mpa 
45 - o 
40 - 
35- - 
30 - - 
batch-1 
batch-2 
25 - - batch-3 
20 - - -batch-4 
15 
L0 Reference 
10- 
5- - Strain, % 
0 
0.0 1.0 2.0 3.0 4.0 5.0 
Fig. 3.8- Results of 2 mm thick flat tensile specimen tests compared with reference data 
PhD thesis, Guy Richardson, 1993 
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55 - 
50 
- 
Stress, Mpa 
45 
40 - 
35 batch-1 
30 _ batch-2 
25 - -batch-3 
20 batch-4 
15 batch-5 
10 
5 
Strain % 
0 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 
Fig. 3.9- Results of 5mm thick flat tensile specimen tests to confirm the previous results 
3.5.2- Compact tension specimen tests 
To produce CT specimens, 6mm thick 100mm x 100mm slabs were initially made. The 
slabs were sent to the workshop to machine the CT specimens after curing. Four to six 
specimens were cut from each slab. Fig. 3.10 shows the geometry of the CT specimen. 
8. 
Fig. 3.10- Details of compact tension specimen 
37 
Bulk Adhesive: E27, Dimensions: mm 
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Several specimens were pre-cracked before post-curing and the rest were pre-cracked after 
post-curing. The specimens were cracked by tapping on a fresh razor blade held against 
the notch tip, with a light hammer. The cracks produced using this technique appeared to 
be sufficiently straight for small lengths up to about 4 mm. To obtain longer cracks a 
band-saw was used to extend the specimen slot as required before tapping. A shadow- 
graph was used to measure the distance between the centre of pin holes (theoretically the 
line of load application) and the crack tip. These measurements were monitored on the 
testing machine prior to testing using video microscopy. These facilities were also used to 
measure the crack lengths during the stages of crack propagation while the test was 
running. 
When using the microscope on the testing machine, it is not possible to use the 
temperature cabinet to control the test temperature. However the room temperature was 
measured during the tests and it was always between 19 °C and 22 °C. Atleast 20 samples 
of higher quality specimen (selected from about 40 specimens obtained from 8 slabs) were 
tested. The results obtained from the specimens that were pre-cracked before post-curing 
did not appear to be reliable since the measurements of crack lengths were not valid and 
the cracks were partly (and in some cases completely) closed during the post-curing 
process (relaxation). An Instron 6025 testing machine was used and the cross head speed 
was set to 0.1 mm/min in most cases. This was increased to 0.4 or 0.5 mm/min for longer 
crack lengths. In these cases the time to propagate the crack at the cross head speed of 0.1 
mm/min was too long (i. e. one order of magnitude longer than the shorter cracks) and slip 
stick crack propagation was not happening as expected. 
The more reliable results (obtained from the high quality specimens) were used to obtain 
the values of critical energy release rate (fracture energy) based on the maximum loads at 
propagation. Available analytical solutions were used for this purpose. In the next chapter 
these results are discussed and compared with those obtained from a FEA based 
calibration curve. A typical response obtained from a CT specimen test is shown in 
Fig. 3.11, 
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Fig. 3.11- Typical response of a CT test specimen with initial crack length of 3.95 mm 
representing multi-stage slip stick crack propagation 
3.5.3- Double cantilever beam joint tests 
The geometry of the DCB joints was shown in fig. 3.4. Two types of joints were made as 
discussed earlier in this chapter. Joints having an adhesive layer of 1.2 mm were pre 
cracked by inserting a spacer slightly thicker than the spacers used in manufacturing 
between the substrates (the spacers used in manufacturing of joints were removed after the 
curing process completed) and tapping on it with a light hammer. Using this simple 
technique short sharp cracks were successfully inserted into the specimens from the end of 
the notch inside the adhesive layer. Using a shadow-graph the crack lengths were 
measured and found to be typically around 20 mm. Selected higher quality joints were 
tested. A comparison of (Kc/d) between CT specimen (for a/W=0.5) and DCB joint (for a 
crack length of 20 mm) based on FEA was made to set the initial cross head speed for 
DCB tests. Displacement at load point (d) represents the time as the tests were run at 
constant speed. The value of K, /d was 2.5 times higher in the case of DCB joints. Thus the 
cross head speed of 0.1 mm/min applied to CT tests was decreased by a factor of 2.5 to 
0.04 mm/min to provide similar time to failure or strain rate for the two different test types 
(DCB and CT). The test cross head speed was therefore set to 0.04 mm/min for short crack 
lengths of around 20 mm or less. It was increased to 0.1,0.25 and 0.5 mm/min as the crack 
length increased. This adjustment of the cross head speed was found to result in fairly 
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consistent time to failure for the corresponding crack lengths of the two types of 
specimens. A slip stick crack growth was observed in almost all of the test cases and 
several sets of data were obtained for each joint. Compliance curves were directly 
obtained from the test results. The results were processed and the values of critical energy 
release rate (fracture energy) were calculated from maximum loads at crack growth stages. 
In addition to direct calculation from test results the compliance was also calculated 
through the use of an analytical formula. FEA based calibration curves were also produced 
for comparison. Results are presented and discussed in the next chapter. A typical 
response of a DCB joint based on the test results, showing a three-stage slip stick, is 
plotted in Fig. 3.12. 
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Fig. 3.12- A typical response of a DCB joint test representing the failure loads at different 
crack lengths through a three-stage slip stick crack propagation 
Several DCB joint specimens with an adhesive layer thickness of 0.1 mm were also 
manufactured. However it was found difficult to insert cracks in the adhesive layer. It was 
decided not to test the joints as alternative test results of cleavage specimen from other 
research became available. Testing these joints once successfully pre-cracked, could 
provide information to study the effect of plastic zone on the propagation load. This study 
may be considered as part of the future work. A rough estimation indicates that the plastic 
zone size would be in the range of the adhesive layer thickness. The estimation was made 
based on finite element analysis using two material models, an elastic perfectly plastic 
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model with ay' = 25.96 MPa and an isotropic hardening material model. The size of the 
plastic zone from an approximate analytical formula (equation 3.1, see Lemitre and 
Chaboche, 1994) compared well with the FEA results (the plastic zone size normal to the 
crack based on equivalent plastic strain). 
2 [(I KI 
Cos 2e- 2v)2 + Min 2e r for plane strain (3.1) Y 2; r(o- 22 
Using the relation between K, and Gi and the corresponding failure load to the 12 mm 
crack length, the above equation gave a value of 0.09 mm at 0=90°. Other required data 
can be found in tables 3.1 and 4.1. A value of 0.1 mm was obtained from the FEA results 
(the fringe results representing the plastic zone). 
3.6- Material models 
Based on the tests carried out on FT specimens the existing test data were confirmed and 
the properties of E27 were evaluated. The results were found to be quite consistent with 
the previous research. The basic properties characterising the elastic response of the 
adhesive and the tensile yield and ultimate stresses are given in Table 3.1. Classic non- 
pressure-sensitive yield criteria based on von Mises equivalent normal stress have been 
used in preliminary analyses as well as the evaluation of the developed rupture elements in 
this work. Both perfect plasticity and hardening options have been used to present the post 
yield behaviour. The hardening data obtained from tensile test were used to define the 
isotropic hardening model. These material models are shown schematically in Fig. 3.13. 
Pressure sensitive models are illustrated in later chapters where used in assessment of the 
failure predictive models (see chapter 8). Rate, temperature and other dependencies of the 
adhesive are not accounted for in the material models used in this work. 
Young Modulus, 
E, MPa 
Poisson's ratio, 
v 
Tensile yield 
stress, 6yt, MPa 
Ultimate tensile 
stress, ßut, MPa 
2595.6 0.395 25.96 47.0 
Table 3.1- Material properties of the E27 epoxy adhesive 
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Fig. 3.13- Schematic presentation of classic material models for E27 
3.7- Conclusions 
Flat tensile specimens of E27 were manufactured and quasi-static tensile tests were carried 
out. The results were used to determine the constitutive behaviour of the material. 
Excellent agreement with the results of the previous work was observed. These data will 
be used in the subsequent finite element analyses. 
Compact tension and double cantilever beam joint specimens were manufactured and 
tested. Multiple stage slip stick crack propagation was consistently observed in both CT 
and DCB joint tests. The approximation method used to adjust the test speeds in order to 
achieve similar strain rates was successful and rather consistent time to failure for the 
corresponding crack lengths of the two types of specimens were achieved. The results 
obtained from the test configurations together with the existing results from cleavage tests' 
provided the required information for assessment of rupture prediction models presented 
in the later chapters. 
*G Richardson, PhD Thesis, 1993 
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Chapter 4: Determination of LEFM parameters for the 
fracture tests 
4.1- Introduction 
Finite element models of CT specimen and DCB joints were created and a series of 
analyses was carried out. The commercial analysis software PATRAN and ABAQUS 
were used for this purpose. Using the concepts of LEFM, fracture parameters G1 (mode I 
energy release rate) and KI (stress intensity factor) were obtained for a unit load and 
presented in the form of a calibration curve. These curves were then used to calculate Gc 
(fracture energy) and Kc (fracture toughness) based on test results obtained from the 
experimental work. It should be mentioned that the finite element work presented in this 
chapter is only to determine the standard LEFM parameters. Later chapters discuss the 
development of finite element modelling techniques for failure prediction based on user 
defined rupture elements where the LEFM results are used in the assessment of the 
developed techniques. 
4.2- FEA of compact tension specimen 
The results of FEA can be used to calculate the LEFM parameters. Finite element based 
calibration curves can be obtained by repeating the FEA for a range of crack lengths for 
use in failure prediction in an elastic continuum based on LEFM. These are discussed 
below. 
4.2.1- Calculation of fracture parameters using LEFM 
FEA of a CT specimen with standard geometry was performed. The mesh used in this 
model was highly refined around the crack tip as shown in Fig. 4.1. Material was assumed 
to behave in a linear elastic manner. Based on LEFM, results of this analysis were used to 
calculate the stress intensity factor (K1) and energy release rate for a mode I (GI) both per 
unit applied load. The virtual crack closure technique was used for this purpose. A crack 
length of 12mm (a/W=0.5) was assumed so that the condition of validity of the analytical 
formulae (equations 4.1 & 4.2 respectively) are satisfied. 
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a) The whole mesh 
rill 
b) Refined mesh around the crack tip c) Refined mesh at the crack tip 
Fig. 4.1- CT specimen finite element model, Mesh refinement scheme 
The analytical expressions are: 
r= a/W 
K, =(29.6r°-5 -185.5r''5 +655.7r2.5 -1017r31 +639r°'S)P/BJW (4.1) 
G, =1000K, 2(1-v2)/E 
(Formula I, plane strain, 0.45 < a/W < 0.55, Broek, 1982) 
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r= a/W 
K, = (2 +r) (0.886+4.64r-13.32r2 +14.72r3 -5.6r4)P/(1-r''s)B-, 
rW- (4.2) 
G, =1000K, 2(1-v2)/E 
(Formula II, plane strain, 0.2 < a/W < 1.0, Broek, 1982, ref. Srawley ) 
Calculation of G1 from FEA results using the virtual crack closure technique is explained 
in Fig. 4.2. G, for 12-mm crack length was compared with those of analytical formulae as 
shown in table 4.1. Excellent correlation was obtained as expected. 
Finite element mesh (first layer) around the crack tip (a) of CT model 
F and Bare reaction forces and nodal displacements for unit applied load 
Mesh used in calculation: B=6mm, 1=0.1 mm 
G, =1000 x 0.5[2(F,, ß,, + Fh(5h)/IB] 
Fig. 4.2- Implementation of the virtual crack closure technique 
FEA, Crack Closure Formula I Formula II Averaged (I, II) 
0.03586 0.0354 0.0357 0.0356 
Table 4.1- Strain energy release rate (per unit load), G1, J/m2, of compact tension 
specimen, comparison of analytical and FEA results at a/W=0.5 
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4.2.2- Calibration curve, fracture energy 
Linear FEA was also applied to a CT specimen model with a uniform mesh ahead of the 
crack line of the specimens, for a wide range of crack lengths from 0.1 mm to 21 mm. The 
analysis was repeated for various crack lengths and the energy release rate G, (J1m2) for a 
unit applied load was calculated based on LEFM using virtual crack closure technique as 
explained in Fig. 4.2. Results were used to produce a finite element based calibration 
curve (G1 vs. a/W). This curve was then used to calculate Gc from experimental results of 
P, (maximum load at crack propagation) and their corresponding crack lengths. The 
calibration curves and correlation with results of available analytical solutions are shown 
in Figs. 4.3 and 4.4. 
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Fig. 4.3- Deviation of analytical results from FEA calibration results, G1, J/m2 
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Fig. 4.4- Correlation of analytical results and FEA calibration results, G1, J/m2 
Fig. 4.3 shows the deviation of analytical results from those obtained from FEA using 
crack closure technique where a/W is far from its recommended range. For small values of 
(a/W) the results obtained from analytical formulae I and II are slightly higher and lower 
than the results of FEA respectively as shown in Fig. 4.3(a). Both the analytical formulae 
are quite close to the FEA results for (a/W)>0.3 (see Fig. 4.4) although for very high 
values of (a/W), formula II provides slightly higher results than FEA. It was also found 
that the average of the analytical results provides a good approximation of G1 that 
compares well with the FEA results over the whole range of crack lengths. The values of 
fracture energy (Ge) calculated from the calibration curve using the experimental failure 
loads at different crack lengths (a/W) are shown in Figs. 4.5 and 4.6. Only the reliable test 
results were used in producing these charts. It should be also mentioned that the material 
behavior has been considered linear elastic in all these analyses. In reality however this is 
not the case and plastic deformation occurs around the crack tip before the condition of 
crack growth is reached. Depending on the significance of plasticity effects characterised 
by the plastic zone size, LEFM may not provide very accurate results. For the cracked CT 
specimen made of E27 however this is not generally the case and due to the small size of 
the plastic zone LEFM can be used for prediction of failure load. Non-linear elastic or 
elasto-plastic fracture mechanics concepts such as crack opening displacement (COD) and 
J-integral are widely used where plasticity effects have to be accounted for. The results for 
Go also affected by strain rates, fall in a band between 150 to 200 J1m2 as shown in Fig. 
4.6. The information given in Fig. 4.5 include the batch number, the propagation stage and 
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the cross head speed respectively (i. e. "1-A-0.1" refers to the first propagation stage (A) of 
a selected specimen from batch 1, tested at a cross head speed of 0.1 mm/min. ) 
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Fig. 4.5- Fracture energy of CT specimens from experimental propagation loads Using 
FEA based calibration curve 
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Fig. 4.6- Fracture Energy of CT specimen 
In Fig 4.5 values of fracture energy are calculated from experimental failure loads using 
the FEA based calibration curve. For selected test specimens from each batch of the 
adhesive the crack length and the corresponding load of the first and the last stage of 
propagation (first and last slip stick) have been used in calculation. From the variation of 
results, specially the significant difference between the first and the last slips, it is 
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suggested that the increasing plasticity effects are responsible for this variation. It is worth 
mentioning that using higher cross head speed at the later stages of propagation where the 
crack is longer was thought to reduce the rate effects on the adhesive response. The values 
of Gc shown in Fig. 4.6 are based on the experimental data obtained from the first slip of 
selected specimens tested at the same speed. The FEA based calibration curve, as well as 
the average of the analytical formulae, has been used in calculation of the fracture energy 
from the experimental loads. As Fig. 4.6 indicates although results are looking much more 
consistent and within a narrower range (compared with those shown in Fig. 4.5), higher 
results at lower crack lengths may be related to the plasticity effects on the failure load 
that can not be addressed by LEFM. 
4.3- FEA of double cantilever beam joint 
Similar analysis procedures to those explained for the CT model were used to determine 
the fracture parameters and to produce the finite element calibration curve for use with the 
DCB joint to determine the fracture parameters. These are discussed below. 
4.3.1- Fracture parameters using LEFM 
A finite element model of the DCB joint with a refined mesh along the crack line was 
produced and compliance (C) and energy release rate per unit load using virtual crack 
closure technique (GI) were calculated from results. The scheme used to refine the mesh is 
shown in fig. 4.7. Compliance values were calculated directly from test results 
(experimental), from analytical formulae (theoretical) and from FEA results respectively. 
Theoretical compliance was calculated from an approximate formula (equation 4.3) in 
which the effect of the adhesive layer was not accounted for. 
Higher stiffness (lower compliance) was obtained as a result of neglecting the adhesive 
layer. In the finite element model the adhesive layer has been included but a linear elastic 
constitutive model was used to define the material behavior. The FEA results were 
therefore higher than theoretical but still lower than experimental results obtained from 
actual test data. Values of GI at each crack length were calculated from analytical formula 
(equation 4.4) as well as FEA based compliance values using equation 4.5. The LEFM 
parameter (GI) was also calculated based on FEA results using the crack closure 
technique. 
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a) Whole model 
b) Refined mesh along the crack line 
c) Refined mesh at the crack tip 
Fig. 4.7- DCB joint finite element model, Mesh refinement scheme 
C= 8a3(1- v2)/Eh'B 
G, = P2a2/EJB where I= Bh3/12 , K, = G, E/(1- v2) 
G, =1000P2 (dC/da)/2B ;C= d8/dP 
(4.3) 
(4.4) 
(4.5) 
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4.3.2- Calibration curves, fracture energy 
FEA of the DCB joint was repeated for a range of crack lengths from 14mm to 120 mm to 
provide the required data for a calibration curve. The same refinement scheme was used at 
all crack tips as shown in Fig. 4.7. Using LEFM, both the compliance technique and the 
virtual crack closure technique were applied to the results of the finite element analyses 
and calibration curves were produced in a similar manner to that explained for CT 
specimen. Compliance at each crack length was calculated as mentioned earlier and three 
series of results were plotted against crack length. Compliance curves are shown in Fig. 
4.8. The values of G, ( for a unit load) plotted in Fig. 4.9 against the crack lengths were 
also calculated from different techniques outlined in the previous section. 
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Fig. 4.8- Variation of compliance with crack length for DCB joints obtained from 
experimental results (batch no. 1-7), FEA and theoretical formula 
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Fig. 4.9- Energy release rate per unit load against the crack length for DCB joint 
(Experimental, Theoretical, and two FEA based calibration curves) 
Values of GI obtained from the finite element based compliance and crack closure 
technique were used as the calibration curve. Fracture parameters G, and K, were then 
obtained from this calibration curve and experimental crack propagation loads. Variations 
of K, and G,, against the crack length (a) are shown in figures 4.10 and 4.11 respectively. It 
should be mentioned that the compliance-based results have been affected by the 
estimation procedure used in processing the test results. The experimental values of 
compliance at each test point were simply obtained by fitting a trend line to the test point 
data for load (P) and displacement at load point (S) and finding the gradient (OS /AP) that 
is representing the compliance. The results obtained based on this approximation appeared 
to be fairly consistent with other techniques. The results obtained from FEA using the 
crack closure technique are likely to be the most reliable. Values of G, against the crack 
length (a) for increasing test cross head speeds from 0.04 to 0.5 mm/min (set to higher 
values as the crack length increased) are presented in Fig. 4.12. These were obtained from 
the G, values that are based on the LEFM crack closure technique, by using the 
experimental failure loads. Rather consistent results were obtained for fracture energy of 
DCB joints over a wide range of crack lengths. 
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Fig. 4.10- Fracture toughness of DCB joint using LEFM 
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Fig. 4.11- Fracture energy of DCB joint using LEFM 
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Fig. 4.12- Fracture energy of DCB joint for a range of cross head speeds 
The results shown in Fig. 4.12 are obtained from the failure loads of two selected 
specimens and reflect the whole process of multi-slip stick propagation from the initial 
crack lengths of around 20 mm to the final slip at higher than 100 mm. The increasing 
cross head speed was used in these tests to reduce the rate effects. Figures 4.11 and 4.12 
also show similar variations in the values of fracture energy obtained at different crack 
lengths as discussed for CT specimens. Finally comparing the Gc values obtained from CT 
specimens with the DCB joints, it can be concluded that the fracture energy values for the 
DCB are slightly lower than the CT. This is mostly due to the fact that the steel substrates 
restrict the adhesive layer so the condition is much closer to plane strain and this condition 
produces a lower fracture energy. 
4.4- Conclusion 
Application of LEFM to the finite element models of pre-cracked compact tension 
specimen was reviewed. A pre-cracked (through the adhesive layer) DCB joint specimen 
was similarly studied. A linear elastic material model was assumed. The two basic 
limitation of LEFM, the existence of an initial crack and the linear elastic material 
behaviour were highlighted. None of these assumptions are valid in practice. Using LEFM 
broadly similar values of fracture energy (Gc) for the two configurations were obtained 
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and the differences were accounted for. In the case of CT specimen significant reduction 
in the values of G, with successive slip-stick crack growth was obtained as the crack 
length increased. Thus the LEFM based parameter, fracture energy, did not remain 
constant over a wide range of crack lengths. DCB specimens however showed more 
consistent results. Experimental compliance correlated reasonably with the FEA 
predictions. Finally the methods used in this chapter could only address cracked models 
with a linear elastic response. Thus it can be concluded that alternative modelling 
techniques are required to address the non-cracked problems and account for continuum 
plasticity. These will be discussed in the following chapters. 
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Chapter 5: Stress controlled rupture elements 
5.1- Introduction 
Finite element analysis of CT and DCB joint specimens and the use of linear elastic 
fracture mechanics based fracture parameters were presented in the previous chapter. This 
chapter focuses on the development of "stress tripped rupture elements" that can be 
integrated into the finite element model of a structure to predict failure. Using a local 
damage based concept the condition of failure initiation and crack propagation has been 
defined and the behaviour of the rupture elements determined accordingly. A maximum 
load has been used to trigger the rupture element which was allowed to carry a pre-defined 
load-displacement response until it absorbed the "rupture energy", the energy required to 
destroy the material bonds and create a new surface. It was then released to represent 
rupture. Potentially such a model can be used to determine the onset of initiation and 
propagation of a crack. This chapter considers the development of this element and its use 
in conjunction with elastic and elasto-plastic continuum. 
5.2- Element development and behaviour 
Both user-defined elements and ABAQUS non-linear spring elements have been 
considered. 
5.2.1- User defined stress controlled rupture elements 
As a precursor to the development of special elements for predicting crack initiation and 
growth, the user element facility in ABAQUS Standard was used to produce a simple 
linear spring element. To verify the appropriate performance of the element FEA was 
performed for a simple model including this type of element and the results were 
compared with a similar model using Abaqus spring elements. A set of user defined linear 
spring elements was then incorporated into a CT specimen finite element model along the 
crack line ahead of the crack tip. Finite element analysis of the CT model using the 
ABAQUS linear spring produced exactly the same response as the user-defined element. 
This simple element scheme was then used to develop rupture elements that could be used 
in modelling failure. Further modifications required for this purpose are now discussed. 
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A non-linear (bilinear) stress controlled element was then developed and a similar 
validation process was undertaken. This element was identical to the non-linear spring 
element available in the ABAQUS element library. The idea of constant stress controlled 
separation using a series of these elements along the crack line was assessed. Initially the 
elements are nearly rigid (with a very high stiffness). This remains the case until the 
tensile load carried by the element (representing the normal stress in the direction 
perpendicular to the assumed crack line) reaches a pre-defined value Ft (tripping force), 
corresponding to a normal stress, o (tripping stress). This force (the product of the stress 
and the area of the element perpendicular to the spring direction) was supplied as input 
data. The element was then allowed to extend freely at this constant load. This load- 
displacement relation is referred to as a "no softening" response. 
The "softening" response on the other hand also allows for unloading and release. 
Unloading starts immediately at the tripping point or after a certain amount of energy is 
stored in the element at the constant tripping load. The element force then vanishes to zero 
representing the "release" state. The two schemes describing the force-displacement 
behaviour of the elements are shown in Fig. 5.1. 
Ff K2 (flat) Ft 
I K2 (unload) 
F, F, 
K, (stiff) 
8 
a) No Softening b) Softening 
Fig. 5.1- Load -displacement schemes for stress tripped user elements 
8 
Two algorithms were used in programming the bilinear element to locate the tripping point 
(where the stiffness would change). These are the bisection technique and an alternative 
method that uses a cutback factor after passing the tripping load and decreasing the 
analysis time increment accordingly. This algorithm is explained in Fig. 5.2. Similar 
algorithms were used at the unloading point in the case of the "softening element" to 
switch from the unloading stiffness (K2) to the released state (K3). The slope of the 
unloading part of the load-displacement behaviour shown in Fig. 5.1. b was calculated 
K3 (release) 
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from the value of the fracture energy (Ge) so that the element could absorb this energy 
before it was released. User elements based on both techniques were implemented and 
identical results were obtained. Listings for both linear and non-linear stress controlled 
rupture elements are given in appendices "A" and "B" respectively. 
i+ 1 
t k: time increment increase factor 
knew: reduced factor 
F; +1/FÄ k 
knew k[(Fr-F1)/(Fi+l-F1)] 
Fig. 5.2- Transition stiffness approach algorithm used in user element programming 
5.2.2- ABAQUS non linear spring elements 
The ABAQUS element library includes spring elements that can model the behavior 
described above. The user elements were assessed by comparing their results with the the 
results of the equivalent ABAQUS linear and bilinear spring elements. Identical results 
were obtained, confirming that the routine was performing properly. 
5.3- Application to CT specimen model 
Using the user elements and their equivalent from ABAQUS library, non-linear elastic 
FEA of the CT specimen was performed to assess the applicability of the constant stress 
controlled separation technique. Two-dimensional finite element analysis was carried out. 
The model was thick enough so that the required conditions for plane strain analysis were 
justified. The continuum elements were generally of 8-node quadrilateral plane strain type. 
In regions of mesh refinement 6-node triangular elements were also required. Linear mid- 
point constraint equations were applied to the face of the continuum elements on the plane 
of crack propagation to enforce a linear variation in displacement (see Fig. 5.3b). The non- 
linear user elements were connected to the corner nodes of the continuum elements along 
the assumed crack line as shown in the previous chapter (Fig. 4.1. c). The results from this 
model were compared with the results of LEFM analysis of the CT model. Excellent 
agreement was observed between G1, the energy release rate from LEFM based on the 
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crack closure technique and GS, the energy absorbed in the tripped crack tip spring 
element. The latter parameter represented the area under the load-displacement curve 
including the region of load reduction (Fig. 5.3. a). 
5.3.1- Elastic continuum, no softening 
The rupture element with no softening was developed based on the scheme shown in Fig. 
5.1. a. A set of these elements were then connected to the corner nodes of the continuum 
elements on the crack face in the CT finite element model and the analysis was performed. 
Linear elastic continuum behaviour was assumed in the first instance. This assumption 
would allow for assessment of the model using the figures provided in chapter 4 based on 
LEFM. The experimental failure load corresponding to a crack length of -12 mm 
(a/W=0.5) for the 6 mm thick CT specimen was around 64-66 N and the value of the 
mode-I fracture energy based on crack closure technique was around 140-150 J1m2. 
The continuum element length at the crack tip area was as small as 1.5 µm. The element 
tripping force was set so that a number of rupture elements were tripped under the 
application of a unit load. An appropriate value for the tripping force could be estimated 
by carrying out an analysis of the CT model without rupture elements and considering the 
crack tip nodal reactions. This was obviously a mesh dependent parameter. It has to be 
emphasised however that the calculated value of energy release rate for a specified crack 
length is hardly affected by the degree of mesh refinement. 
The energy release rate was calculated based on the element extension technique using the 
tripping force and the corresponding crack openings of the rupture elements. This is 
shown schematically in Fig. 5.3. b. The formulation given in Fig. 5.3. c, comparable with 
the virtual crack closure technique, measures the area under the force-displacement curve 
(Fig. 5.3. a). In fact for a cracked specimen and an elastic continuum this formulation is 
simply an alternative representation of the same concept. 
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F 
Ft 
a) Element load-displacement behaviour including the assumed load elimination 
Linear MPC 
b) Tripped elements and corresponding displacements 
G1=2[6 I FI+0.5 F, (82-81)] /Lt 
Where: L= element length, t= element thickness 
Smallest element size (crack tip area): 1.5 µm 
c) Calculation of energy release rate based on rupture element extension technique 
Fig. 5.3- Evaluation of G, using "Rupture Element Extension Technique" 
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The applicability of this technique with an elastic continuum was assessed. Due to 
symmetry only half of the specimen was modelled. A series of 2-node rupture elements 
were pinned to the ground, at one end, and to the corner nodes of the continuum elements 
along the assumed crack line, at the other end. The results from the FEA of this model 
under the experimental failure load of 64 N and a crack length of 12 mm are summarised 
in Fig. 5.4. The calculated value of fracture energy (Ge) based on this technique is given in 
Table 5.1. A tripping force of 1N was used and a number of rupture elements were tripped 
as shown in the stress fringe of the deformed model (Fig. 5.4. a). The constant nodal Y- 
stress distribution along the tripped zone seen in Fig. 5.4. a was obtained as the result of 
application of a constant tripping force. It was also found that the model was potentially 
capable of modelling progressive crack propagation in the case of elastic continuum 
behaviour. 
Fig. 5.4. b shows the reaction of the loads carried by the rupture elements, acting on the 
continuum nodes starting from the initial crack tip, and their variation as the analysis 
progresses. The figure also represents the sequential tripping order of the elements along 
the crack line. The extent of the zone of the tripped elements is dependent on the assumed 
tripping load and the mesh refinement. The technique however is applicable to the elastic 
continuum regardless of these parameters and an appropriate tripping force is only 
required so that a certain number of elements are tripped. 
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b) Variation of rupture element force with the applied load showing sequential tripping 
Fig. 5.4- Implementation of no softening elements to elastic CT specimen 
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a) Y-stress shown on deformed model at P=64 N showing the uniform stress area above 
the process zone 
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5.3.2- Elastic continuum, softening 
In the previous section it was suggested that the stress tripped rupture elements could be 
used to model progressive crack propagation and predict failure. An alternative stress 
controlled rupture element including the unloading and release states as shown in Fig. 
4.1. b was developed to investigate this possibility. A similar analysis was performed 
where a line of "softening" elements was integrated into the CT model. Using this element 
the failure load (the load carrying capacity of the system) can be obtained directly from the 
analysis. In the case of a linear elastic continuum the LEFM based fracture parameter, Gc, 
would represent the rupture energy. The value of G. predicting a 64 N failure load for a 12 
mm crack length was found using the formulation explained in Fig. 5.3. A finite element 
analysis with no softening elements under load control was performed for this purpose. 
Using a rounded value of 150 J/m2 for the energy to be absorbed by the rupture element, a 
finite element analysis of the model with softening elements was then carried out. A 
failure load of 65.5 N was predicted as the limiting load of the analysis. The result given in 
Table 5.1 compares well with the no softening case. The values based on a fracture energy 
of 150 J/m2 are given in the parenthesis. Progressive crack propagation was achieved as 
illustrated in Fig. 5.5. a by the zone of decreasing stresses. The maximum value of Y-stress 
was found to occur at the node connected to the element that approached the tripping 
condition while this stress component vanished as the elements were released. As expected 
using a constant value of rupture energy (150 J/m2) results in catastrophic failure (at 65.5 
N). This causes analysis instability as reflected in Fig. 5.5. b where the variation of element 
loads as the analysis progresses are plotted. Thus it has been shown that the stress 
controlled separation technique used in conjunction with an elastic continuum is an 
alternative to conventional LEFM. The next section considers the response of this element 
when embedded in an elasto-plastic continuum. 
Stress tripped, no softening Stress tripped, softening 
Applied load, N Rupture element 
extension technique 
Instability 
64 (65.5) 143.62 (150.43) 143.21 (150) 
Table 5.1- Values of fracture energy, G1c (J/m2) from Stress Tripped Rupture Elements 
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a) Y-stress (T) distribution above at the crack tip area on deformed model at P=65.5 N 
Force, N 
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-. 8000 
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Load fraction applied 
b) Variation of reaction force with the applied load, softening scheme using Gc= 150 J/m2 
Fig. 5.5- Implementation of softening elements to elastic CT specimen 
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5.3.3- Elastic-perfectly plastic continuum, no softening 
In the previous two sections the stress controlled rupture element technique was 
successfully applied to the CT specimen. The applicability of this technique to an elasto- 
plastic continuum is now considered. The "no-softening" element scheme was used and 
the continuum material was considered to be elastic-perfectly plastic with a yield stress of 
47 MPa (though isotropic hardening plasticity was also examined). The data used for these 
material models were as given in chapter 3. As shown in Fig. 5.6 the equivalent plastic 
strain was used to represent the size and the shape of the plastic zone around the crack tip 
area. The tripping force of the rupture elements was set to allow tripping after the 
continuum plastic behaviour at the tip area started. Fig. 5.6 represents the extension of 
both the tripped zone and the plastic zone as the level of the applied load increases. The 
first fringe plot (a) shows the stage at which continuum plasticity is started but no rupture 
element has yet been tripped. Plasticity is then extended in the normal direction caused by 
an increase in the applied load but has not followed the tripped zone as further rupture 
elements are tripped (fringe plots b and c). Obviously a high tripping load would result in 
a fully extended plastic zone along the crack line with no element tripped. On the other 
hand a low tripping force would result in a fully extended process zone with no plasticity. 
Finally a tripping load that is high enough to prevent tripping before plasticity starts 
results in the situation discussed above. 
According to the above description it is suggested that this type of rupture element would 
not be appropriate to provide a physically justifiable representation of the process of 
progressive crack propagation in plastic continuum. As discussed above the application of 
this rupture element to a plastic continuum results in either stationary plastic zone or an 
elastic process zone, none of which is supported by experimental observations. This 
limitation can be addressed by considering the nature of the rupture element. It is the 
property of this rupture element that its tripping is decided by a stress parameter. Since the 
allowable continuum stress is limited to a specified level (due to the material model) and 
the rupture element is also activated at a pre-specified level of stress, this problem rises. In 
fact the continuum y-stress changes even though yielding might occur at a constant value 
of the equivalent stress (i. e. elastic-perfectly plastic model). However in the rupture 
element tripping occurs at a fixed stress. The tripping parameter is not history dependent 
and thus it does not reflect the level of the input loading and the stage of the analysis. To 
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overcome this limitation the development of a different type of rupture modelling element 
was required which is addressed in the following chapters. 
a) Equivalent plastic strain (P=20 N), plasticity just started, no propagation yet 
i---- 
b) Equivalent plastic strain (P=66 N), development of process zone, stationary plastic zone 
plastic zone 
Fig. 5.6- Implementation of no softening stress tripped rupture elements to elastic- 
perfectly plastic CT specimen model 
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c) Equivalent plastic strain (P=100 N), further extension of the process zone, stationary 
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5.4- Conclusion 
The development of the stress tripped rupture element and its applicability in failure 
modelling was discussed in this chapter. It can be stated that the "stress controlled rupture 
modelling" approach is an alternative representation of the conventional LEFM crack 
closure technique. In addition this technique is capable of modelling progressive crack 
propagation in an elastic continuum and can be applied to non-cracked configurations. The 
softening form of the stress based rupture element was also used to predict successfully 
the failure load for the mode-I fracture of the CT specimen. More importantly this 
formulation has advantage over the no softening stress tripped rupture element and the 
conventional LEFM as it gives the failure load directly from the analysis, thus avoiding 
the need for repetitive post-processing assessment of failure. 
The stress tripped rupture element was not applicable to the plastic continuum because of 
the unrealistic stationary nature of the plastic zone in a dynamically propagating crack 
field that could not be physically justified in this case. This was attributable to the fact that 
the continuum stress normal to crack plane varies (decreases) with propagation whilst a 
constant value is required to trip the elements. 
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Chapter 6: Strain controlled rupture elements, 
development and characterisation 
6.1- Introduction 
The stress tripped rupture elements presented in the previous chapter were found to be 
applicable to the elastic continuum only. In reality however as confirmed throughout the 
experimental observations significant local plasticity around the crack tip area (or the site 
of crack initiation) prior to rupturing occurs. Further it is essential that this is accounted 
for explicitly rather than implicitly in the rupture element. To account for plasticity in the 
continuum a history dependent parameter that represents the state of the material beyond 
the elastic limit, such as strain, should be used to control the tripping of the rupture 
element. Strain controlled rupture elements were developed for this purpose. Unlike the 
stress tripped rupture elements, the definition of the strain tripped rupture elements was 
generally dependent on the continuum element type as well. Analyses have been 
undertaken of 2-D models and the rupture elements have been defined such that they 
include nodes coincident with those of the adjacent continuum quadrilateral (4-node or 8- 
node) elements as explained later. Different load-displacement schemes have been 
proposed for the rupture elements. These elements are discussed in detail in this chapter. 
This chapter provides a full description of the rupture elements in order to obtain a clear 
understanding of how the elements have been developed and how they perform. The 
justification for each type of element and the range of its applicability is discussed in the 
following chapters, where the implementation of the elements has been considered. 
6.2-Finite element formulation of strain calculation 
The first stage in the development of a strain controlled rupture element was to develop a 
routine for calculation of strains at nodal or integration points of the adjacent quadrilateral 
element from its nodal displacements. This routine was required in the user routine to the 
make the continuum strain available to the rupture element. The behaviour of the rupture 
element could then be controlled by this strain parameter. The standard finite element 
formulation was used for this purpose. Orientation of Abaqus nodal and integration points 
of quadrilateral elements are shown in Fig. 6.1. 
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To test this strain calculation routine simple benchmark models were created as shown in 
Fig. 6.2 and ABAQUS jobs were run for both plane stress and plane strain conditions to 
obtain the nodal and integration point strains as well as nodal displacements. The results 
for nodal displacements were then used as input for the Fortran user subroutine and the 
calculated strains were compared with the ABAQUS results. For the 4-node element with 
simple axial loading the routine worked for both plane strain and plane stress conditions. 
However when bending effects were included the results obtained from the user routine 
were different from ABAQUS results for plane strain conditions but the same for plane 
stress. This was because the standard element formulation does not provide accurate 
results for 4-node quadrilateral elements. This type of element is not generally 
recommended for use in plane strain analysis*. In fact ABAQUS uses non-standard shape 
functions. It should therefore be stated that the routine written for 4-node element gives 
less accurate results in plane strain. However an alternative strain definition shown later 
enables these elements to be used in plane strain condition. In the case of 8-node elements 
the routine based on standard finite element formulation is valid for both plane strain and 
plane stress conditions as the test benchmark models produced identical results with those 
obtained from ABAQUS. As the routine was written based on the standard programming 
procedures, a flow chart is not included. The strain calculation routines for 4-node and 8- 
node elements are listed in the appendices "C" and "E" respectively. 
31 13+ +4 473 7+ 8+ 9+ 
g6 4+ s+ 6+ 
2 1+ +2 2 1+ 2+ 3+ 
nodes integration points nodes integration points 
(a) 4-node element (b) 8-node element 
Fig. 6.1- Orientation of nodal /integration points of quadrilateral elements in ABAQUS 
* ABAQUS user manual, elements library, 2D quadrilateral elements 
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(a) (b) (c) 
Fig. 6.2- Benchmark model used to assess the strain calculation routines, a& b) no 
bending effect, c) bending effect) 
6.3- Rupture element behaviour schemes 
As in the case of stress controlled rupture elements, different force-displacement schemes 
were used to define the behaviour of the strain controlled rupture elements. The rupture 
element was assumed to have a very high initial stiffness (rigid-like) until the continuum 
reached a critical strain (tripping strain). The element was then allowed to continue 
deforming at a constant level of stress referred to as the "no softening" scheme. It should 
be emphasised that the element tripping is governed by a continuum strain parameter. 
Thus when a number of these elements are integrated into a finite element model, unlike 
the stress tripped elements, the corresponding forces carried by the rupture elements, are 
not necessarily the same (see Fig. 6.3. a). The other element behaviour scheme used in the 
development of the strain controlled rupture elements was the "softening" scheme. 
Unloading could commence either after a certain amount of energy was absorbed by the 
element during extension at the constant stress or immediately from the tripping point as 
shown in Fig. 6.3. b. The latter scheme has been adopted in this work. Obviously when a 
number of these elements is integrated into a model, like the no-softening elements, they 
would follow different unloading characteristics. The unloading scheme as well as the 
tripping condition can be governed by different criteria. This is discussed in the next 
section. 
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Fig. 6.3- Strain rupture element Force-Displacement schemes 
6.4- Tripping/unloading criteria 
6.4.1- Tripping criteria 
The tripping state for any type of rupture element represents the condition where the 
element switches from high stiffness (rigid-like) to a more flexible state so that it serves as 
an active energy absorbing element. For all rupture elements falling into the category of 
"strain controlled rupture elements" a strain component forms the governing parameter 
that activates this change of state. The selection of this strain parameter depends on a 
number of factors. These include the continuum element type, the condition of the stress- 
strain field, the formulation technique used in the finite element analysis, and the local 
effects (such as the loads carried by the adjacent rupture elements where a series of the 
elements are integrated into a continuum model). 
First consider the case where rupture elements are integrated into a continuum model of 4- 
node quadrilateral elements (Fig. 6.1. a). Under plane stress conditions either the nodal Y- 
strain component of the node coincident with the crack tip (node 1) or the Y-strain 
component of the integration point close to the crack tip (integration point 1) can be used 
as the tripping parameter. With similar continuum elements but under the plane strain 
condition the strain calculation routine (based on standard finite element formulation) does 
not provide reliable results as explained earlier. An average value of Y-strain calculated 
from the nodal displacements of nodes 1 and 4 (tip node and the corresponding upper node 
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(b) Softening scheme (a) No Softening scheme 
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of the continuum element) and the element height can be used. 
The rupture elements integrated into the continuum with 8-node quadrilateral elements 
(Fig. 6.1. b) could also be tripped based on a range of strain parameters. As the standard 
finite element formulation is appropriate for both plane stress and plane strain conditions 
the same rupture element type and the tripping control parameters could be used in both 
conditions. Possible tripping parameters include the nodal Y-strain at the tip node (node 
1), Y-strain at the closest integration point to the tip (integration point 1) and the nodal Y- 
strain at the node above the tip node (node 4). The maximum value of principal strain 
could also be used instead of the Y-component at any of the above points. 
6.4.2- Unloading criteria 
The softening scheme consists of three stages as shown in Fig. 6.3. The unloading stage of 
the scheme describes the behaviour of the rupture element between the maximum load 
carried by the element (tripping load) and the release point. These may be controlled by a 
number of parameters and are generally referred to as unloading criteria. The unloading 
schemes used in the definition of different types of rupture elements are shown in Fig. 6.4. 
In the first scheme (a) the element is allowed to sustain the tripping force but with 
negligible stiffness and extend freely until it absorbs a specified level of energy (ER) that 
represents the energy required for rupture to occur. Unlike the elastic continua this energy 
is no longer equivalent to the fracture energy, G,, as plastic energy dissipation now occurs 
in the inelastic continua. Thus this energy is more akin to a surface energy and is more 
likely to be a material constant. Unloading can also be started directly at the tripping point. 
Assuming a linear reduction of force with increasing displacement the final extension at 
the release point and the unloading gradient can be calculated from the rupture energy. 
This unloading scheme is illustrated in Fig. 6.4. b. Unloading may also be effected over a 
prescribed time period. This period may be subdivided into a number of very small 
intervals. Based on a multiple step load reduction scheme as shown in Fig. 6.4. c the 
element would be unloaded from the tripping load to zero (release point) during the 
specified time period. Some energy would be dissipated during this time but this could not 
be controlled. Justification of the applicability of the unloading schemes will be discussed 
in the following chapters where a series of rupture elements are integrated into the test 
specimen models. 
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(a) (b) (c) 
Fig. 6.4- Unloading schemes for strain tripped rupture elements 
6.5- Overview of the strain tripped rupture elements 
The tripping condition of the stress tripped rupture elements introduced in the previous 
chapter was governed by stress and this parameter was defined in the input file. However 
for yielding material the tripping stress (force) does not uniquely represent the state of the 
material (level of plasticity) at the corresponding applied load. It was therefore necessary 
to develop a different range of rupture elements in order to overcome this limitation. The 
correlation between the continuum and these rupture elements are achieved through the 
use of coincident nodes. History dependent displacement and strain field information from 
the continuum can be passed to the rupture elements through the coincident nodes. The 
required geometry correlation between the continuum and rupture elements results in the 
rupture element definition being dependent on the type of the surrounding continuum 
elements. Details of strain controlled elements are discussed in the next section 
6.5.1- Strain tripped rupture element: ERE7 
The rupture elements are intended to represent the connectivity, energy dissipation and 
de-bonding of material respectively along the crack line as the crack is propagated. They 
are generally defined as bridging elements that connect the two sides of the crack so that 
their initial rigidity represents connectivity, their softening indicates energy dissipation 
and their eventual release would mean rupture. The connection between each rupture 
element and the continuum is through a common node between two adjacent continuum 
elements on each side of the crack line. Strain parameters of the continuum elements have 
to be calculated in the user routine. The strain parameters as explained earlier are 
calculated from the nodal displacements using the standard finite element formulation. 
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Thus the nodal displacements of the continuum elements along the crack line have to be 
passed to the rupture element user subroutine. This is achieved by incorporating, in the 
rupture element definition, all of the nodes of the continuum elements to which the rupture 
element is connected. The rupture element to be integrated with a continuum model 
consisting of 4-node elements would therefore be a 7-node element as shown in Fig. 6.5. 
The figure also shows the correlation of this element, named ERE7, to the continuum 4- 
node quadrilateral elements to which it is connected. 
r------------- i456 
I II ;+ 
'327 
(a) (b) (c) 
Fig. 6.5- Correlation of continuum 4-node elements and the user element ERE7 
a) two continuum elements, b) user element ERE7, c) coincident nodes 2 to 7 
Versions of this element have been developed for both "no-softening" and energy based 
"softening" schemes. Detailed description of the element routines and flow charts are 
given in the section 6.6. Listing for no-softening scheme is included in appendix "D". 
As mentioned earlier the strain calculation routine is based on the standard finite element 
formulation where the results for 4-node quadrilateral element are valid in the case of 
plane stress analysis only. To overcome this limitation an element that integrates with 8- 
node continuum elements has been developed. This is discussed in the next section. 
6.5.2- Strain tripped rupture element: ERE14 
In order to contain all the nodes of the two adjacent 8-node continuum elements the 
rupture element has to a special 14-node element. The mid-point nodes of the continuum 
elements to which the rupture elements were incorporated were constrained using linear 
mid-point constraint (MPC) equations available in the FEA code. The correlation of this 
rupture element, named ERE 14, to the continuum 8-node quadrilateral elements is shown 
in Fig. 6.6. 
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Fig. 6.6- Correlation of continuum 8-node elements and the user element ERE14 
a) Two continuum elements, b) User element ERE14; c) Co-incident nodes 2 to 14 
Like ERE7 this element was also developed for both "no-softening" and energy based 
"softening" schemes shown in Fig. 6.3. In addition to its applicability to plane strain 
problems the ERE14 element(s) has another important advantage when compared with 
ERE7. An analysis based on the 8-node quadrilateral elements would result in more 
accurate strain parameters than a 4-node continuum model. Thus the variation of the nodal 
strain components within the crack line elements on which the condition of tripping has to 
be detected will be more reliable. However it was found that the softening energy based 
ERE14 rupture element could not fully represent the physical process of crack initiation 
and propagation. Thus this element type was not used in later analyses of failure prediction 
for joints though it significantly contributed towards understanding of the process and 
developing a working solution. Details of the associated problems are discussed in the 
next chapter. In order to resolve the problems a new rupture element based on average 
strain level, calculated from relative nodal displacements of the continuum elements along 
the crack line, was developed that uses a different unloading criterion as described below. 
6.5.3- Rupture element: ERE3 
In the presence of continuum plasticity the rupture elements introduced earlier in this 
chapter do not provide a complete representation of progressive crack propagation. 
Investigating the possible sources of the problems (detailed in the next chapter) identified 
the difficulties with the unloading scheme. It was found that the behaviour of the rupture 
elements had to be closely matched to the surrounding continuum. 
Thus a new rupture element, ERE3, was defined. Fig. 6.7 shows the correlation of this 
element to the continuum 4-node elements. The nodal strains along the crack line were 
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obtained from the relative displacements of the crack line node and the corresponding 
upper node of the continuum 4-node element. Using this approximation the calculation of 
strains based on the standard finite element formulation (used for ERE7 and ERE14 
rupture elements) could be avoided. Thus this element was now equally applicable to 
plane stress and plane strain (unlike ERE7). The result of all the above considerations lead 
to the development a simpler model in terms of tripping conditions that could be used with 
both 4-node and 8-node continuum elements. However unlike the previous elements 
unloading followed the scheme shown in Fig. 6.4. c. Implementation of this element as a 
failure prediction model and its assessment are discussed later in chapter 8. 
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Fig. 6.7- Correlation of continuum 4-node elements and the user element ERE3 
Two continuum elements, b) User element ERE3; c) Co-incident nodes 2 and 3 
Application of all the strain tripped rupture elements introduced so far is limited to 
symmetric models where it has also been assumed that the crack would be propagated 
along the line of symmetry. Thus it was only necessary to consider half of the continuum. 
To overcome this limitation a generalised version of the rupture element ERE3 was 
developed. Details are given in the following section. 
6.5.4- Rupture element: ERE3-G 
Assuming that the model is symmetric from the point of view of both geometry and 
loading, and that the crack is running along the plane of symmetry requires only half of the 
system to be modelled. This is appropriate for such configuration as the CT specimen 
model or the DCB joint under mode I loading. The rupture element in such models may 
then be connected to the half model on one side and grounded on the plane of symmetry at 
the other side. In the generalised form two nodes (i. e. nodes 1 and 2) of the rupture 
element span the potential crack line whilst nodes 2 and 3 are used to calculate the average 
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strain in the continuum from the relative nodal displacements. These are therefore 
coincident with the continuum element nodes in the material that is assumed to dominate 
the resistance of the system to failure. Nodes I and 2 are defined at the same geometric 
point but on separate sides of the continuum and the direction of the element is updated 
incrementally based on the displacements of the nodes 2 and 3. Nodal displacements are 
projected along the updated direction and the average strain is calculated from the relative 
nodal displacements along the current direction. The element and its correlation with the 
continuum are shown in Fig. 6-8. Details of the algorithm used in the strain calculation are 
given in the next section. 
I II 
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(a) 
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(b) (c) 
Fig. 6.8- Correlation of continuum elements and the user element ERE3-general 
Continuum elements, b) User element, c) Co-incident nodes 
6.6- User element subroutines (UEL) description 
6.6.1- Introduction 
In ABAQUS (the finite element analysis code) it is possible to introduce elements that are 
not currently available in the element library as user supplied code. The user subroutine 
"UEL" should be used for this purpose. Any combination of ABAQUS elements and user- 
defined elements may also he used. In this research all of the rupture elements developed 
and integrated with the continuum models were developed as UELs using the Fortran 
programming language. The algorithms used throughout the developments are explained 
in this section. 
I II 
1ý 
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6.6.2- General description of subroutine UEL 
In chapter 5 the subroutine UEL was used to define stress tripped rupture elements that 
were the same as the non-linear spring elements available in the ABAQUS elements' 
library. Strain tripped rupture elements developed in this work however are not available 
in ABAQUS. A general description of UEL` is provided in this section to provide an 
understanding of the rupture element structure and the interactivity of this subroutine with 
the main FEA code. The outline of the user subroutine interface is give below: 
SUBROUTINE UEL(RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS 
1 , NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC 
2 , JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
C 
INCLUDE 'ABA PARAM. INC' 
C 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY(8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C 
User coding to define RHS, AMATRX, SVARS, ENERGY, and PNEWDT 
C 
RETURN 
END 
The definition of the parameters included in the "SUBROUTINE UEL" and 
"DIMENSION" statements can be found in the ABAQUS user manual. Here is a brief 
description of the arrays that are directly involved in the element developments presented 
in this work: 
RHS: contribution of the element to the right-hand-side vectors (residual) of the overall 
system of equations. RHS(i, j) is the entry for the i-th degree of freedom of the element in 
the j-th right-hand-side vector. 
ABAQUS user manual, UEL: User subroutine to define an element 
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AMATRX: contribution of the element to the Jacobian (stiffness) or other matrix of the 
overall system of equations. All nonzero entries should be defined. 
SVARS: values of the solution-dependent state variables associated with element the 
meaning of which is defined by the user. 
ENERGY: This array contains the values of the energy quantities associated with the 
element for general non-linear steps. 
PNEWDT: ratio of suggested new time increment to the time increment currently being 
used (DTIME). This variable allows the user to provide input to the automatic time 
incrementation algorithms in ABAQUS. The new time increment is PNEWDTxDTIME. If 
PNEWDT is defined to be less than 1.0, ABAQUS must abandon the time increment and 
attempt it again with the new value. 
These variables are defined in the user coding. The remaining variables are passed in for 
information. Among these the array "U" contains the current estimates of the 
displacements at the nodes of the element at the end of the current increment and "DU" 
contains the incremental values of the displacements for the current increment. 
6.6.3- Description of rupture elements ERE7 and ERE1 4 
These elements were developed on a similar basis and the differences were explained 
earlier. Both elements have been developed for "no softening" and "softening" schemes. 
Flow charts are given in the next section and listings in the appendices "D" for ERE7 and 
"F' and "G" for ERE14. 
" a) No softening scheme (stiff-trip-flat) 
The no-softening scheme was shown earlier in Fig. 6.4. a. The algorithm used to approach 
the tripping point is explained in Fig. 6.9. This algorithm is used in developing both ERE7 
and ERE14 rupture elements with the no-softening scheme 
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, AU Ue-ub 
t=(ErEb)I (£e'Eb) 
Ki. 2 fKl+(l J)K2 
F, =ubK1+fduK1+(1; f )duK2 
Ut=ub+f4U 
Fig. 6.9- Tripping strain approach referred to as the transition algorithm used for the 
"ERE7" and "ERE 14" rupture elements 
In this transition algorithm "K1_2" is provided by the UEL and represents the transition 
stiffness that is calculated based on the initial and the final element stiffness using the 
adjusting factor "f". The displacement increment "Du" is defined by ABAQUS and "Ft", 
the tripping force provided by the UEL, is the contribution of the element to the right hand 
side vector. 
The element would continue to behave as a rigid-like connecting element (KI) until the 
critical condition in the surrounding continuum is reached (t). A specified value of a strain 
parameter that reflects the critical state of the continuum is used as a trigger for the 
tripping condition. The non-linear analysis is carried out on an incremental basis. The time 
increments have to be small enough to ensure that at least one increment occurs before 
transition is encountered. Obviously as the analysis proceeds the strain component used as 
a trigger will exceed the critical value at the end of a certain increment. This increment is 
referred to as the "transition increment". The user routine inspects the tripping condition 
and as soon as the calculated strain exceeds the critical value the initial stiffness would be 
replaced by a transient stiffness (K1.2) based on the algorithm shown in Fig. 6.9. 
Alternatively the time increment could be decreased using a cutback approach algorithm 
explained later. When a cutback approach is used, a multiple stage time increment 
reduction was imposed until the time increment resulted in the critical strain parameter. 
Both techniques appeared to work correctly. 
There are two main limitations when using a "no softening" scheme. The first is that the 
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rupture load can not be obtained directly from the FEA but must be determined by post 
processing operations. The second is that a constant rupture stress produces unrealistically 
large levels of continuum plastic strain. Use of the softening scheme is expected to 
overcome both these limitations. 
" b) Softening scheine (stiff-trip-unload-release) 
The same softening scheme was used to unload ERE7 and ERE14 rupture elements. 
Unloading was based on critical energy absorption by the element during the unloading 
process. This critical energy was specified as input data. Knowing the element force and 
displacement corresponding to the tripping point it was possible to determine the slope of 
the unloading curve (k2) and the displacement at the point of release (u1) in terms of the 
rupture energy (ER) and the tripping force (Ft) as shown in equation 6.1. 
ER -5 0.5Ft(ur-ul) (6.1) 
hence ."u, = (2ER I Ft )+ u, 
ur 
The algorithm used at the release point was based on the same strategy applied to the 
tripping point as shown in Fig. 6.10. Alternatively the cutback-approach technique based 
on decreasing the transition time increment as explained later in 6.6.3 or the conventional 
bisection algorithm mentioned in chapter 5 could also be used in approaching both the 
tripping and the release point. 
It is worth mentioning that due to the very high initial stiffness assumed for the rupture 
element, the energy absorbed before the tripping point is negligible when compared with 
the energy absorbed during the unloading process. This energy is not included in the 
expression given for the rupture energy. The expression given for the rupture energy (ER) 
in equation 6.1 is therefore an approximate estimation. 
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F 
Ft I- 
trip 
du=ue-ub 
unloading f(u, -ub)/ du 
b 
release 
K2-3=fK2+(l J)K3 
Eý i 
Fr=Ft-(Ub-U1)K2-duK2.3 
Ut ur ý--e 
Fig. 6.10- Description of unloading-release transitional algorithm used for softening 
scheme of the rupture elements ERE7 and ERE14 
The parameters defined in the above algorithm are similar to those used earlier to outline 
the tripping algorithm. As mentioned the unloading scheme used for the rupture elements 
described in this section is an energy-based scheme. This means that the load carried by 
the element would not be totally removed until the energy absorbed by the rupture element 
reaches a specified level. As the continuum is yielding this implies that there are nodal 
forces acting on highly plastic continuum elements. The effect of this is studied in more 
detail in the next chapter. It can be generally argued that material rupturing could be 
governed by the continuum plasticity and may not follow a prescribed unloading scheme. 
The technique that uses the rupture elements introduced in this section is directly 
applicable to the elastic continuum and like stress controlled elements may be used as an 
alternative method to the conventional LEFM. However the unloading scheme that is 
suggested for these elements may result in problems when modelling progressive crack 
propagation. To overcome the problems associated with the application of these elements, 
a new strain tripped rupture element, ERE3, was developed. Description of this element is 
presented in the next section where the generalisation of ERE3 is also discussed. 
6.6.4- Description of rupture elements ERE3 and ERE3-G 
To overcome the problems associated with energy based unloading the alternative scheme 
shown in Fig. 6.4. c, was used in the development of a simplified strain tripped rupture 
element. This element is used in chapters 8 and 9 for failure prediction and modelling 
progressive crack propagation. Possible problems relating to the use of MPC, the reduced 
analysis time and simplicity of 4-node elements favour the use of 4-node instead of 8-node 
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continuum elements. 
The strain tripped rupture element ERE3 as described earlier is a simple 3-node rupture 
element that may be connected to either 4-node or 8-node quadrilateral continuum 
elements. Its tripping condition is based on an average strain calculated from relative 
displacements of the nodes of the continuum element that is connected to the rupture 
element in a direction perpendicular to the crack line. The algorithm used in approaching 
the tripping point is based on time increment reduction. A similar method has been used to 
approach the release point following the multiple time step unloading. The algorithm is 
explained in Fig. 6.11 and the routine's flowchart is given in the next section. Listing for 
the element is included in the appendix "H". 
In the tripping algorithm "Ur" is the projected relative nodal displacement vector of the 
coincident nodes of the continuum and the rupture element that represent the continuum 
deformation (nodes in the continuum) in the direction perpendicular to the crack line. The 
average nodal strain (Eav), used to determine when tripping occurs, is obtained by dividing 
the projected relative displacement by the distance between the nodes along the same 
direction (Fig. 6.12). Approaching the tripping point and the release point in the 
development of these rupture elements was achieved using a cut back factor and a 
tolerance band as indicated in the algorithm. It was found that using a factor similar to that 
used earlier in the transitional algorithm as the cut back factor in approaching the tripping 
point resulted in a very low rate of convergence. Thus a large number of analysis attempts 
will be required before the results fall within the accepted tolerance band. Application of 
an accelerating coefficient to the cut back factor resolved this problem. This is due to the 
non-linear relation between the applied displacement and the corresponding local strain 
parameter caused by non-linear continuum behaviour. It was found that using a coefficient 
off=0.1 would effectively reduce the required attempts and hence the time of the analysis. 
The unloading stage consists of at least five increments, a maximum of 20% reduction per 
increment was applied to the corresponding element force. This would help to avoid the 
analysis divergence due to instantaneous load reduction (i. e. in one increment only). In the 
unloading algorithm the total time to release (t1) is set in the input file and the maximum 
allowable time increment (t f) is assumed as 20% of t, to ensure that the element will take at 
least 5 increments before it is totally released. If the time increment at the beginning the 
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unloading stage is more than 'If" it will be adjusted by applying a reduction factor. The 
algorithm used in approaching the release status is quite similar to that of the tripping 
point. It is also uses a tolerance band and is based on time reduction (cut back). A similar 
accelerating coefficient is applied to the reduction factor. 
Tripping strain approximation: 
F Tripping point (et) Ur=u2y- my 
F ____ c Unloading step 
e, v= u, /l 
Et<Sav<1.02Et 
ý-T Release point Cut back factor (f): At; ' 
t f=0.1(Er )/ (E, -Eb) 
tr (b: begin inc., e: end inc. ) 
Unloading factor, if (dt/tf)<1.0 Release point approach: 
f, f _1+0.2(dt; /tf), tr0.2 t, 
0.98< f <1.0 
Load during unloading: 
F; =(1- f")Ft Cut back factor (f): 
Load reduction step: f 0.1(1.0/f; ), if: f >1.0 
iF=0.2(dt/tf)F<<0.2Fr 
Fig. 6.11- Tripping, unloading and release algorithm for rupture element ERE3 
It should be mentioned that some changes in the default settings of the analysis code were 
also required in order to cope with the cut back algorithm. These changes are reflected in 
the relevant analysis input files. 
Rupture element ERE3-G is the generalised version of ERE3. It was developed to resolve 
the limitations of ERE3 regarding the symmetry of the model geometry and loading. 
Whilst ERE3 is grounded on the crack line which is the plane of symmetry, ERE3-G is 
not. Instead, it is connected to the other side of the crack in the case of a non-symmetric 
model such as the cleavage model discussed in chapter 9. Also rupture element ERE3 is 
applicable to the mode I fracture only where the direction of the crack plane is assumed to 
remain unchanged. This means that if the crack is in the "X" direction the strain parameter 
would be calculated from the relative nodal displacement in the "Y" direction. ERE3-G on 
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the other hand also accounts for mixed mode loading as the direction connecting the nodes 
on the rupture element is continuously updated based on the incremental nodal 
displacements. It therefore represents the current direction of the load transmission 
through the rupture element. The algorithm used to update the rupture element direction is 
explained in Fig. 6.12. 
U2 
/b 
(node 2) 
r2 
Y rl i% 
X 
aß 
' U,, 
ul 
-uz 
r =r, -r2 
u, =u, -U2 
Tana = ry/rx 
Tan/3 = ury /u, s 
y=a-ß 
Eay =lu, ICosyllrl 
Fig. 6.12- Updating algorithm used for ERE3-general rupture element's direction 
A flow chart and listing for ERE3-G are included in the next section and in the appendix 
"I" respectively. 
6.6.5- Summary of strain tripped rupture elements characteristics 
The characteristics of the range of strain tripped rupture elements used in this work are 
summarised in table 6.1. Occasionally in some aspects such as tripping or unloading 
specific element types have used more than one scheme and consistent results have been 
obtained. However the results presented in the following chapters are based on the 
characteristics shown in the table. As described earlier All elements but ERE3-G are 
defined as being grounded on the plane of symmetry and their application is limited to the 
symmetric model and mode I loading. ERE3-G can also be used for non-symmetric 
models and mixed mode loading. 
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Rupture Continuu Tripping Unloading Release Strain Plane stress Loading 
element m element approach approach approach calculation plane strain mode 
ERE7-N 4-node Transitional None None Standard Plane stress Mode I 
stiffness FEA 
ERE7-S 4-node Transitional Energy Transitiona Standard Plane stress Mode I 
stiffness based 
t stiffness FEA 
ERE14-N 8-node Transitional None None Standard Plane stress Mode I 
stiffness FEA plane strain 
ERE 14-S 8-node Transitional Energy Transitiona Standard Plane stress Mode I 
stiffness based 
I stiffness FEA plane strain 
ERE3 4/8-node Cut-back Time Cut-back Relative Plane stress Mode I 
approach based approach 
displacement plane strain 
ERE3-G 4/8-node Cut-back Time Cut-back Relative Plane stress Mode I/ 
approach based 
approach displacement plane strain Mixed 
Table 6.1- Summary of strain tripped rupture elements characteristics 
6.7- UEL flow charts 
6.7.1- General comments on flow charts 
Based on the explanations given in the previous sections user defined strain tripped 
rupture elements ERE7, ERE 14, ERE3 and ERE3-G have been developed. Flow charts 
describing the routine structures used for programming these elements are given in this 
section. A general structural scheme for rupture elements ERE7 and ERE14 is shown in 
Fig. 6.13. Separate flow charts for "no softening" and "softening" schemes are presented. 
The similarity of the 7-node and 14-node elements means that these elements can be 
described with the same flow charts. The difference due to their compatibility with 
different continuum elements (4-node and 8-node quadrilateral elements respectively) has 
been addressed in the programme listings that are provided separately (see appendices "D" 
and "F'). 
As mentioned earlier in this chapter rupture elements ERE7 and ERE14 use a transient 
stiffness in the vicinity of the tripping point and the release point where appropriate. The 
softening version includes an energy-based unloading scheme where a specified rate of 
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energy is used to determine the secondary negative stiffness during load reduction as well 
as the displacement corresponding to the release point. Rupture elements ERE3 and 
ERE3-G on the other hand are tripped and released using a cut back approach and use a 
time-based scheme for unloading as explained in Fig. 6.4. These elements are also 
different in terms of the formulation used for strain calculation. The generalised form 
(ERE3-G) is connected to the sides of the crack and uses the updated average strain along 
the element and is applicable to the mixed mode loading while ERE3 element is grounded 
on the crack line and simply uses the average y-strain calculated from nodal y- 
displacements. Listings are included in appendix "H" as mentioned earlier. 
6.7.2- Flow charts for ERE7 and ERE14 rupture elements 
The two flow charts describe "no-softening" and `softening" schemes respectively. 
A structural diagram describing these schemes is given in Fig. 6.13. The key procedures 
used in the development of rupture elements are also outlined in this diagram. 
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Start 
Calculation of strains from nodal 
displacements 
. adoption of User Element with the 
overlapped continuum elements ... 
. Shape function derivatives .. 
Jacobian matrix 
B-matrix 
. strains 
No Softening 
statel: stiff 
state2: flat 
. Check if the condition to trip the rupture 
element is reached? 
Not yet, use initial stiffness(1) 
Just reached, use transient stiffness 
Passed, use final stiffness(2) 
. Set [K] & [RHS] 
(Stiffness and Residual) 
(User Subroutine returns these) 
. Print results 
. Return 
. End 
Softening 
statel: stiff 
state2: soft 
state3: released 
. Check the condition to decide which 
section to use(A or B)? 
. A)Stiff, Stiff-Soft, Soft 
Stiff: use initial K(1) 
Tripping, use transient K(1-2) 
Soft: calculate, use K(2) 
. B) Soft, Soft-Release, Release 
Soft: use K(2) 
Releasing, use transient K(2-3) 
Released: use K(3) 
. Set [K] & [RHS] 
. Print results 
. Return 
. End 
Fig. 6.13- Structural diagram for ERE7 and ERE14 rupture elements including both "no- 
softening" and "softening" schemes 
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Flow chart for "no-softening" scheme 
Start 
Essential ABAQUS Staten 
Subroutine UEL... 
Include 'ABA_param. inc' 
Dimension... 
Initialization 
Set F, S, K,.. to zero 
Properties 
Assign k1, C, 
No 
Strain calculation 
Standard FE formulation 
Is element tri 
Yes 
Is Ey<Ft Tripped 
Use K2=0.0 
Yes No 
Stiff Transient RHS vector 
Use Kl Use K1_2 
RHS vector II RHS vector 
Print statements 
Return 
End 
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b) Flow chart for "softening" scheme 
Start 
Essential ABAQUS Staten 
Subroutine UEL... 
Include 'ABA_param. inc' 
Dimension... 
Initialization 
Set F, S, K,.. to zero 
Properties 
Assign k1, Ft 
No 
Strain calculation 
Standard FE formulation 
element 
Is Ey<ct Calculate 
K2+ Ur 
Yes No 
Stiff Transient 
Use K, Use K1_2 
' s element reif 
RHS vector RHS vector Yes 
Released 
RHS vector 
Print stateme: 
Return 
End 
Yes 
Unloading 
Use K2 
No 
Transient 
Use K, 
_a 
RHS vector II RHS vector 
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6.7.3- Flow chart for ERE3 and ERE3-general rupture elements 
These elements use time based unloading and cut back-approach technique. 
Stiff-Approach 
K=K1 
Is E; 
Yes 
Cut back! 
No 
£av<1. 
Yes 
Start 
Essential ABAQUS statement 
Subroutine UEL... 
Include `ABA_param. inc' 
Dimension... 
Initialization 
Set F, 8, K to zero 
Properties 
Assign k1, C, t, 
Strain calculation 
No 
Is element trippe 
55=1 
Yes 
Unload-Release 
K=K2 
No No 
Stiff 
RHS vector 
s S6< 0.98 
Yes 
I Unloading 
Stj<tf 
Yes 
Continued 
On 
Next page 
S6< 
Release 
RHS vector 
No 
Cut back! 
No 
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Update S6 I 
Yes 
Approach II Is S6> 1.0>-} Cut back! 
N 
RHS vector) II RHS vector 
Print statements 
Return 
End 
The following notes help to provide a clear understanding of the routine: 
"S5" is a state dependent variable used as a tripping flag. It is switched from 0 to 1 to 
indicate that the element is tripped. The following approximation is accepted for the 
tripping point. 
E< < E,,, < 1. O2Et 
"S6" (f; in the algorithm shown in Fig. 6.11) is a state dependent variable used to indicate 
the extent of release. It increases from 0 to 1 throughout the unloading process. When it 
approaches 1 the element is fully released. The element load during the unloading process 
and the accepted tolerance band applied to the release point are given below (see Fig. 
6.11). 
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F=(1-S6)F, 
0.98<S6 <1.0.... =.... 0.0<Fr <0.02F, 
In the above expressions F is the current value of the element force during the unloading 
stage and F, and F, refer to the tripping and the release point forces respectively. 
"Cut back" means that the current time increment is cancelled and the analysis repeated 
based on a new reduced time increment. This procedure is repeated until the appropriate 
time increment is reached where the results approach the critical condition of the rupture 
element (i. e. tripping or release point). 
6.8- Performance test bench marks 
Simple models (benchmarks) consisting of rupture elements incorporated into a simple 
continuum were used to verify the formulation and performance of the rupture elements 
introduced in this chapter. As a reference for comparison and assessment of the rupture 
elements' performance, alternative models that use non-linear spring elements available in 
the ABAQUS element library were also used. An arbitrary tripping strain was first applied 
to the benchmark models with the user elements. The models were analysed and from the 
results of these analyses the corresponding force at which the strain reached the tripping 
value was obtained. This force was then applied as the tripping force for ABAQUS non- 
linear force controlled spring elements of the comparative model. The results of these 
analyses were expected to match those obtained from the benchmarks with user defined 
rupture elements. This was the case for all strain controlled rupture elements. The 
validation of the rupture elements' formulation and the routines developed based on the 
formulation was confirmed through this process. A sample benchmark and its comparative 
model used to validate ERE7 are shown in Fig. 6.14. 
r------- ------ 
Ii II 
1 
(a) (b) 
Fig. 6.14- Benchmark models, a) ERE7; b) ABAQUS non-linear spring 
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Similar benchmarks were also used to verify the rupture elements' formulation at the 
release point in the case of rupture elements ERE3 and ERE3-G. 
6.9- Concluding remarks 
A rather complete description of the range of strain tripped rupture elements developed 
throughout this research has been provided in this chapter. The algorithms used for 
programming the element characteristics have been described and the flow charts of the 
UEL subroutines have been provided. Listings are given in the appendices. 
All elements have been benchmarked and shown to operate correctly. All are available as 
user routines and can be used as a normal Abaqus element. 
Rupture elements ERE7 and ERE14 use similar algorithms and may be used with 4-node 
and 8-node continuum elements respectively. The "no softening" schemes of these 
elements do not include unloading and thus may not represent a full description of the 
failure process. However they can be used in modelling to some extent as discussed in 
chapter 7. The "softening schemes of these elements include energy based unloading. The 
use of these elements in failure prediction is also addressed in chapter 7. 
The other strain tripped rupture element introduced in this chapter, ERE3, uses a different 
softening scheme. Unloading of this element is based on a specified time period referred to 
as the release time. The definition of this element is not dependent on the continuum 
element type and may be integrated with both 4-node and 8-node continuum elements. 
Use of this element in failure prediction is assessed in chapter 8. 
Finally a generalised version of the time based softening element, ERE3-G, was 
developed. Applicability of this element to a plastic continuum in predicting the crack 
propagation load and the onset of crack in cleavage test specimen model has been 
addressed in chapter 9. 
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Chapter 7: Analysis of the CT specimen using ERE14 
Rupture Element 
7.1- Introduction 
Bulk compact tension and double cantilever beam joint specimens were introduced in 
chapter 3. Details of geometry, test results and properties of the adhesive epoxy obtained 
from experiments carried out on these specimens were also given. In chapter 4 finite 
element analyses of the specimens were performed and conventional fracture parameters 
were calculated based on LEFM techniques. Chapter 5 considered the use of stress 
controlled rupture elements with both elastic and plastic continua. Limitations when used 
with the latter were discussed, leading to the development of strain tripped rupture 
elements. 
A comprehensive description of the strain tripped rupture elements ERE7 and ERE 14 was 
presented in the previous chapter. It was suggested that a series of these elements could be 
applied to a continuum model (with 4-node and 8-node quadrilateral elements 
respectively) to model crack propagation. Two load-displacement schemes, no softening 
and softening, were considered for these elements. It was proposed that where a linear 
elastic continuum material model is used the no softening scheme could be used to 
calculate the fracture parameters and thus it provides an alternative technique to 
conventional LEFM giving a fracture load. It was also suggested that application of the 
element with the softening scheme would result in modelling the rupture process as well 
as estimating the fracture load. 
The CT and DCB specimen models of 4-node and 8-node continuum elements were 
created and a series of the corresponding rupture elements were applied along the assumed 
crack line of each specimen. Application of the rupture elements to both fracture 
specimens (CT and DCB) led to similar conclusions in terms of the validity of the 
modeling approach. 
The validity of the modeling technique in failure prediction and its range of applicability 
are discussed in this chapter. In the light of the above comments, only the application of 
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ERE14 rupture elements to the CT specimen model is presented in detail. Both "no 
softening" and "softening" schemes have been considered. Linear elastic and elastic- 
perfectly plastic material models have been used in the analyses. 
7.2- Rupture element with no softening scheme 
A group of strain tripped rupture elements with the "no softening" scheme was applied to 
both elastic and elastic-plastic continuum models of a compact tension specimen model. 
The modeling technique was assessed through comparison of results with the available 
experimental data. 
7.2.1- Elastic continuum 
A series of strain tripped rupture element ERE14 with a "no softening" scheme was 
integrated into the CT specimen finite element model along the plane of symmetry. The 
continuum material behavior was considered as linear elastic as given in chapter 3. Using 
an appropriate* tripping value for the strain normal to the crack plane (Y-strain) finite 
element analysis was performed under displacement controlled conditions. The model had 
the same geometry as the actual test specimen (given in chapter 3). Due to symmetry from 
the point of view of both geometry and loading only half of the specimen was modeled. 
The rupture elements were grounded at one end and connected to the corner nodes of the 
continuum elements along the crack line at the other end. The crack length and mesh 
refinement at the crack tip area was also the same as used with stress tripped rupture 
elements (chapter 5) to ensure that these parameters would not affect the comparative 
results obtained from this modeling approach. For convenience the finite element model is 
shown again in Fig. 7.1. 
A total input displacement of 0.4 mm was applied in 40 increments. That is 0.01 mm 
increase in the input displacement per increment. The early stage of the development of 
the process zone shown in fringe "a" of Fig. 7.2 indicates that after 20% of the analysis 
time corresponding to 0.08 mm input displacement the first few elements are tripped. 
From Fig. 7.3 it is obvious that the first (tip) element has been tripped after 3 increments 
(7.5% of the total time). The last element was tripped at 80% of the analysis time (i. e. 
This tripping strain would result in tripping of a certain number of elements on application of the full load. 
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displacement of 0.32 mm) as shown in fringe "c" of Fig. 7.2 and in Fig. 7.3. The length of 
the continuum elements used in this analysis was 1.5625 tm and a total of 32 rupture 
elements were used to model the 0.05 mm-long process zone. The type of the continuum 
elements was plane strain 8-node quadrilateral with linear MPC applied to the element 
edge lying on the crack face. A tripping nodal Y-strain of 2% was used in this analysis. 
Fig. 7.1- CT finite element model (half of the specimen) with crack tip mesh refinement at 
a crack length of 12 mm used with ERE 14 elements 
The extension of the process zone (the zone of the tripped rupture elements) can be seen at 
various stages in the analysis in Fig. 7.2. The information provided in this figure include 
the deformed shape of the model and the stresses in the direction normal to the crack 
plane, around the crack tip area. These may be compared with a similar fringe presented in 
chapter 5 (Fig. 5.4) where the stress tripped rupture elements were applied. Both elements 
show the extension of the process zone. In the case of stress tripped rupture elements a 
constant Y-stress field spreads along the process zone while application of strain tripped 
rupture elements results in an increasing Y-stress with increasing distance from the 
original crack tip. The difference in the stress field is clearly due to the different tripping 
criterion. Yet both criteria may be used to model crack propagation in an elastic 
continuum as will be discussed in the next section. 
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a) Tip area Y- stress, S=O. US nun at load point, analysis time 0.2 
ram mom` 
c) Tip area Y- stress, 6=0.32 mm at load point, analysis time 0.8 
Fig. 7.2- Development of the process zone and Y-stress field for "no softening" strain 
tripped elements applied to the CT specimen model 
Fringe "a" in Fig. 7.2 shows an early stage of the developing process zone. The first few 
elements are tripped and the maximum Y-stress in the continuum occurs at the tip of the 
process zone. As more and more elements are tripped the Y-stress increases and the 
maximum stress continues to occur at the new tip of the process zone (fringe "b"). This 
remains the case with further application of the load as shown in fringe "c" where all the 
rupture elements are tripped. From the Y-stress distribution along the process zone shown 
in fringe "c" and the corresponding rupture elements' forces at the tripping strain shown in 
Fig. 7.3 it can be concluded that to reach the same tripping strain, the stresses and thus the 
nodal forces must be increased as the damage spreads. A parametric study revealed that 
the rate of increase in stress continuously decreases with the extension of the process zone. 
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The slight disorder observed in the tripping forces of the rupture elements shown in Fig. 
7.3 is mainly attributable to the transition algorithm used in the element development. 
Ft, N 0. 
-. 30 Last element 
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-. 90 
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Fig. 7.3- Increasing tripping forces of strain tripped elements applied to the elastic 
continuum along the crack line 
Virtual rupture element extension technique 
Using the CT finite element model just described, the ability of the strain tripped rupture 
element with the "no softening" scheme to predict failure in an elastic continuum was 
verified. A force-controlled analysis was performed ramping up to the experimentally 
observed failure load. As mentioned earlier the tripping strain used in the analysis should 
not affect the results when the continuum is linear. It should however be set so that a 
reasonable number of elements are tripped as the input reaches the experimental failure 
load. 
A virtual crack closure technique was used to calculate the values of energy release rate 
(G1) in chapter 4. Based on the same principles a similar formulation, referred to as rupture 
element extension technique, was provided to calculate G, from the force and 
displacement of the stress tripped rupture elements (chapter 5). Due to the use of a 
constant tripping force the formulation used in conjunction with the stress tripped rupture 
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elements was in fact an alternative presentation of the crack closure technique. The 
modeling technique introduced in this chapter is based on rupture elements tripped at the 
same level of continuum strain but at different load levels. Thus as the crack front is no 
longer self-similar, the formulation for the calculation of the fracture parameters must 
include all the elements of the process zone. This formulation, shown in Fig. 7.4, is a 
numerical representation of Simpson's rule for integration of the energy dissipated over 
the process zone during a load increment. 
The experimental failure load for a crack length of 12.6 mm was 64 N. The Cl' model had 
a crack length of 12 mm and load controlled analysis was performed. The values of the 
force and displacement of the tripped rupture elements and the calculated fracture energy 
are given in table 7.1. The result obtained from this technique was in excellent agreement 
with those of LEFM crack closure technique and stress tripped element extension 
technique (chapters 4 and 5). 
As shown graphically and explained in the formulation in Fig. 7.4 because of the rupture 
elements different tripping forces the calculation method is different from that used in 
chapter 5 for stress tripped elements. Change of displacement of the elements in the 
process zone compared with their neighboring elements and the average of the 
corresponding tripping forces of those elements have been used in the calculation of 
energy rate. Thus the calculation method is named as "virtual crack extension technique" 
in this work. 
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F 
F; 
s; 
a) Load and extension of the rupture elements of the process zone 
b) The process zone 
G1=2 (E(Fav. OS)}/Lt 
Fav-=(F; +Fi+i)/2, OS=S1+i b; 
Where L, t are element length and 
specimen thickness respectively 
c) Formulation of the energy integral over the process zone 
Fig. 7.4- Virtual rupture element extension technique for calculation of G, from "no 
softening" stain tripped rupture elements 
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Input forces on tripped rupture 
elements 
extensions of tripped rupture 
elements 
P- 
load 
F6 F5 F4 F3 F2 F1 66 65 64 63 62 61 60 Gc 
N N N N N N N mm mm mm mm mm mm mm J/m 
64 1.39 1.33 1.27 1.14 0.99 0.69 0.21 0.80 1.60 2.68 3.95 5.52 7.41 144 
66 1.39 1.33 1.27 1.14 0.99 0.69 0.35 10.98 11-83 2.94 4.25 5.85 7.76 153 
Table 7.1- Application of ERE14 rupture elements in modeling crack propagation in an 
elastic continuum, L=1.5625 µm, t=6 mm 
7.2.2- Elastic-perfectly plastic continuum 
Application of the modeling approach explained in chapter 5 was limited to the elastic 
continuum only as it could not simulate the extension of the plastic zone with the process 
zone. Development of strain tripped element was intended to overcome this limitation so 
that crack propagation in the presence of the continuum plasticity could also be addressed. 
Assuming an elastic perfectly plastic continuum material behavior a series of ERE14 
rupture elements with a "no softening" scheme was integrated into the CT finite element 
model with 8-node quadrilateral elements along the assumed crack line. Finite element 
analysis of the model was performed under displacement control. The tripping condition 
was based on the Y-strain component at the continuum node coincident with the rupture 
element. The value of tripping strain used in this analysis was 3%. This was estimated 
through performing an introductory analysis of the model without rupture elements and 
monitoring the tip strain as the model was loaded up to the experimental failure load 
corresponding to the 12mm crack. It was set to a value high enough to ensure that the 
continuum material would be yielded around the crack tip area before the tip element was 
tripped. The continuum mesh refinement was the same as the model with elastic 
continuum material. Fig. 7.5. a shows the equivalent plastic strain distribution in the 
continuum around the crack tip on the deformed model. 
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The associated problem 
The extension of the plastic zone along with the process zone shown in fringes "b and c" 
of Fig. 7.5 is very encouraging. This shows that the strain tripped rupture elements may 
properly represent progressive crack propagation in presence of plasticity. The limitation 
associated with the stress tripped rupture elements explained in chapter 5 and shown in 
Fig. 5.6 may therefore be resolved through the application of ERE14 elements. Although 
the fringes in Fig. 7.5 indicate that this objective has been achieved, from fringe "b" it may 
be concluded that the rupture elements along the crack line have not been tripped 
sequentially. Whilst there is experimental evidence for micro-cracking to occur ahead of 
the main crack, it is not clear that this is the phenomenon that is occurring in these finite 
element analyses. The occurrence of "locking" can be clearly recognised from the 
deformed shape of the process zone as illustrated in Fig. 7.5. b. This has been confirmed in 
Fig. 7.6. The third and fourth rupture elements have been tripped at a later stage of the 
analysis than expected. The tripping order of the rupture elements of this type for both 
elastic and elastic-plastic continuum is shown in Fig. 7.7. This figure represents the results 
of a similar analysis but using a higher tripping strain. As shown, "locking" is occurred at' 
the same position but the locked element is tripped at a much later stage of analysis after 
most elements on the crack line. 
In addition to the disorder in the rupture element tripping, Fig. 7.6 also indicates a big 
difference between the first element with the lowest tripping force and subsequent 
elements with higher tripping forces. Further investigation of the locking problem revealed 
that the development of the plastic zone, process zone, plasticity level at the crack tip area 
and the occurrence of locking are significantly affected by the continuum material 
behavior, the tripping condition and the rupture element force-displacement scheme. To 
address these issues a further parametric study has been carried out. This includes the 
effect of the near tip nodal force on the strain distribution and the effect of using 
alternative strain parameters and element unloading schemes on locking. 
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............................... 
a) Plasticity started, No element tripped, 5=0.02 at load point, analysis time 0.05 
Itii'+ii. I1!!! 
I!.!. ''.!.!. 
b) Some elements tripped, Locking, 8=0.2 at load point, analysis time 0.5 
c) Last element tripped, 6=0.36 at load point, analysis time 0.9 
Fig. 7.5`- Use of "no softening" ERE 14 in modeling crack propagation in elastic perfectly 
plastic continuum 
The equivalent plastic strain distribution on deformed tip area shown in Fig. 7.5 
represents the extension of the plastic zone along with the process zone where elements 
are tripped based on nodal strains on the crack line. 
unlike the stress tripped element plastic zone extends along the crack line as the process zone does 
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Fig. 7.6- Tripping forces and the order of tripping of the strain tripped rupture elements for 
the analysis shown in Fig. 7.5 
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Fig. 7.7- Tripping order of rupture elements applied to the elastic continuum compared 
with the elasto-plastic continuum 
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To assess the effect of the tripping strain parameters an analysis was performed where the 
tripping condition of the rupture elements was based on the nodal Y-strain of the 
continuum nodes above the crack line (upper nodes). These nodes were not directly 
connected to the rupture elements and thus may provide a more stable solution. There was 
no indication of the locking problem in this analysis although the use of these nodal strains 
is less physically justifiable. Similar results from this analysis are shown in Figs. 7.8 and 
7.9 respectively for comparison with those shown earlier in Figs 7.5 and 7.6. 
.! 
vvvwvvwwwwwwwwwwwwvwwww W-11, 
a) Plasticity started, No element tripped, d=0.02 
aZe irg i -, w ivi--w qr- qi w- w-, -4-v iv qv--iv wwwww 
b) Some elements tripped, No Locking, 6=0.2 
.,. . 
i; iii i; iii Q i; Q i; lir ZZi; i; l; ZeZQ, ZQ4i; e irg eZi; Qi Z ir-g- .-. ------1 
c) Fully developed process/plastic zone with no locking, 6=0.36 
Fig. 7.8- Alternative fringes to those presented in Fig. 7.5 where elements are tripped based 
on nodal strains of the upper nodes of continuum elements on the crack line 
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Fig. 7.9- Tripping forces and the order of tripping of the strain tripped rupture elements for 
the analysis shown in Fig. 7.8 
7.2.3- The effect of near tip zone loading on the strain distribution 
In order to address the "locking" problem that occurs with a tripping strain on the crack 
front, the effect of the near tip rupture element nodal forces on the strain distribution 
around the crack tip was studied. To consider the effect of continuum plasticity on the 
strain distribution the results of the analyses for an elastic continuum were compared with 
those obtained for elastic-plastic continuum behavior. Two near tip loading schemes were 
used. One was based on uniform stress distribution along the crack line at the tip area and 
the other used a linear stress distribution with the maximum at the crack tip. The total 
value of the loading applied to the crack tip area was presented as a fraction of the far field 
loading. This was distributed along the crack face nodes of two continuum 8-node 
elements as seen in Fig. 7.10. The nodal force values for the two schemes were calculated 
from the finite element formulation of the stress field applied to the continuum elements. 
The nodal force values representing a uniform and linear stress distribution are shown in 
Fig. 7.10 as fractions based on which the total load has to be distributed. 
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a) A specified stress distribution and its equivalent system of nodal forces 
(ý , il) represent the local 2-D coordinates 
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b) Uniform stress distribution and its equivalent system of nodal forces 
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c) Linear stress distribution and its equivalent system of nodal forces 
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x 
Fig. 7.10- Graphical representation of equivalent nodal forces based on stress distribution 
From the correlation of global and local coordinates where ý=-l at x=0 and ý=+1 at x=L 
one may easily find that x=(L/2)(1+ý) and dx=(L/2)dß. The force-stress relation is given 
in equation 7.1. 
108 
7. Analysis of the CT.. 
L +I 
[F] = 
JP,. [N]dx=0.5LJF [N]d; (7.1) 
11 
0 -1 
For uniform stress distribution P is constant and for linear distribution it is linearly 
increasing from zero to maximum at the crack tip. Shape functions in local coordinates for 
nodes on the element side along the crack line are given in equation 7.2. It should be noted 
that 71=-1 for all nodes located on the crack line (nodes 1,5,2 in Fig. 7.10). 
N, = -o. 25 (1- )(1- rý 
X+ rý + 1) = -o. 5 (1- 
) 
NS =0.5(1-ß2X1-rý)=(1- 2) (7.2) 
N, =0.25(1+ýX1-77X -n-1)=o. 5ý(1+ 
The values for F1, F5, F2 shown in Fig. 7.10 are obtained by replacing the shape functions 
in equation 7.1 and integrating over the element length. 
Elastic continuum 
The effect of near tip loading on strain distribution was first studied with an elastic 
continuum. No rupture element was used. The model was subjected to the far field unit 
load and the distribution of the near tip nodal loads was as illustrated in Fig. 7.10. The 
total value of the near tip loading was taken as a fraction of the input load and the analysis 
was repeated for loads ranging from 5% to 15% of the input load. This would result in the 
application of the near tip loads in the same range as the tripping forces of the rupture 
elements in the previous analysis of the elastic model with the rupture elements as 
presented in Fig. 7.2. Results obtained for the nodal Y-strain along the crack line from the 
tip are shown in Fig. 7.11. These results are based on a uniform stress distribution 
although using a linearly increasing stress (Fig. 7.10. c) was found to result in a broadly 
similar strain field. It should be noted that the case with no near tip nodal forces (EF; =O) is 
also included for comparison. The effect of near tip forces as the load level is increasing 
can also be seen in Fig. 7.11. As shown the impact on the tip node strain is most 
significant but as long as the load level is not too high (which is the case in practice) the 
maximum strain occurs at the tip and generally decreases with distance from the tip as 
expected. The progressive process zone that occurs in the elastic no-softening analyses 
with no locking is thus expected. 
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Fig. 7.11- Nodal Y-strain distribution along the crack line in CT elastic continuum in 
presence of the near tip nodal forces acting in the opposite direction of the input load 
Elastic-perfectly plastic continuum 
To assess the effect of near tip loading on the strain distribution in plastic continuum a 
physically realistic load of 60 N was applied to the CT model with 12-mm crack length 
and no rupture elements. An analysis was initially performed without near tip loads and 
the nodal reaction forces on the first two elements from the crack tip were obtained. In a 
second analysis the boundary conditions were removed from those elements and replaced 
by a near tip loading arrangement. The Y-strain distribution along the crack line from the 
new tip for a number of near tip loading levels was studied. As in the case of the elastic 
continuum both uniform and linear stress schemes with a range of load levels were 
considered. Unlike the elastic case, it was found that generally the distribution of nodal Y- 
strains along the crack line was significantly affected by the forces applied to the near tip 
nodes. Depending on the near tip load level and stress distribution scheme the strain 
distribution changed in terms of the location and the level of the maximum strain. In most 
cases however it could be concluded that the strains were not consistently decreasing from 
the crack tip. This means that a sequential tripping and therefore a consistently progressive 
process zone could not be expected and "locking" is likely to occur. A typical strain 
distribution of this nature is shown in Fig. 7.12 for a near tip loading of 1.2 N distributed 
based on uniform stress scheme. As shown the Y-strain on the second element from the 
tip is much lower than the third element. As a result (when using rupture elements) the 
tripping condition in the second element may not be reached when the third is at the 
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tripping state. This then accounts for the "locking". The two other distributions shown in 
this figure represent the cases where no indication of the locking is expected. One refers to 
the analysis without near tip loading and in the other the near tip loads are equal to the 
reaction forces (a sum of 2.4 N) obtained in the initial analysis (where 60 N with no near 
tip loading was applied). The distribution of the near tip loads in this latter case did not 
follow the uniform stress distribution but the applied nodal forces were identical to the 
reactions in the first analysis. As a result, as shown in Fig . 7.12, the strain distribution for 
this loading was quite similar to that obtained for no near tip loading. Other near tip 
loading schemes in terms of the total sum of loads or the distribution basis (such as linear 
stress) were also used and similar analyses were performed. From the results it can be 
concluded that application of a near tip loading scheme to a plastic continuum will 
generally cause a locally oscillating strain distribution that can result in the occurrence of 
the "locking" phenomenon. 
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Fig. 7.12- Nodal Y-strain distribution along the crack line in CT plastic continuum in 
presence of the near tip nodal forces acting in the opposite direction of the input load 
7.3- Energy based softening rupture elements 
Where unloading is not included in the rupture element definition it may not be used to 
model progressive crack propagation because release of the elements does not occur. As a 
result it is not possible to predict the failure load directly. This was shown in chapter 5 in 
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the case of stress tripped rupture elements and earlier in this chapter when strain tripped 
elements without softening were used. Stress tripped rupture elements using either the 
"softening" or the "no-softening" scheme could not address the process of crack 
propagation in the plastic continuum and their application was limited to the linear elastic 
continuum only. Thus a solution is still required for crack propagation in the plastic 
continuum. 
The use of strain tripped rupture elements with energy based unloading (softening) in 
modelling the process of crack propagation is investigated in this section. Details of this 
type of rupture element were given in chapter 6. 
7.3.1- Elastic continuum 
As shown in chapter 5 and in the previous section of this chapter both stress tripped and 
strain tripped rupture elements with "no unloading" scheme can be used in modelling 
crack propagation in an elastic continuum with the aid of a technique referred to as 
"rupture element extension technique". In chapter 5 stress tripped rupture elements 
including energy based softening were also applied to the elastic CT model and it was 
concluded that the technique could predict the failure load directly by including unloading 
in the rupture element. 
In this section application of softening strain tripped rupture elements to the elastic 
continuum is considered. The value of G, =150 J/m2 based on the calibration curve and the 
interpolated experimental failure load of 65.5 N for a CT specimen with a 12mm crack 
was used to determine the unloading load-displacement profile of the rupture elements. A 
series of ERE14 rupture elements with a "softening" scheme was integrated into the CT 
finite element model with 8-node quadrilateral elements along the assumed crack line. 
Finite element analysis of the model was performed under displacement control. The 
tripping condition was based on the Y-strain component at the continuum node coincident 
with the rupture element. The continuum mesh refinement was the same as the model used 
with the "no softening" scheme and the same tripping strain was used (see 7.2.2). 
As expected, due to the use of a constant value of energy release rate (Ge) the softening 
solution becomes unstable when the first element is released as all subsequent elements 
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release instantaneously. This instability was also discussed in chapter 5. The values of G, 
and the corresponding failure loads are given in Table 7.2. 
Strain tripped, no softening Strain tripped, softening 
Applied load, N Virtual rupture element extension instability 
64 (65.5) 144.11 (150.49) 143.64 (150) 
Table 7.2- Mode-I energy release rate {GI, (J/m-)} values for Strain Tripped Rupture 
Elements applied to the elastic CT model 
Instability, increasing energy algorithm 
To show the ability of the modelling technique to represent progressive crack propagation 
the value of G, of subsequent rupture elements was increased. Using this artificial 
condition analysis instability can be prevented. In this way progressive crack propagation 
was obtained that is shown in Fig. 7.13. The stable process of unloading and release of the 
rupture elements obtained by using this scheme is illustrated by the zone of zero strain in 
Fig. 7.13. b and in Fig. 7.14. 
The results for G, obtained from different techniques applied to the elastic CT model 
including LEFM crack closure technique, no softening stress/strain tripped rupture 
elements and softening stress/strain tripped rupture elements are summarised in table 7.3 
for comparison. 
Scheme No element 
LEFM 
Stress tripped 
No softening 
Stress tripped 
Softening 
Strain tripped 
No softening 
Strain tripped 
Softening 
Load, N Virtual Virtual instability Virtual instability 
crack element element 
closure extension extension 
64 143.01 143.62 143.21 144.11 143.64 
Table 7.3- Comparison of G1, values from various techniques of modelling crack 
propagation in elastic continuum 
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Y-strain, deformation, a few elements tripped, 8=0.1 
b) Y-strain, deformation some elements are released, 6=0.2 
Fig. 7.13- Progressive crack propagation in elastic CT model using increasing (ic for 
softening strain tripped rupture elements 
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Fig. 7.14- Variation of element force with the analysis time for softening strain tripped 
rupture elements applied to CT model with increasing G1c 
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The results shown in table 7.3 clearly support the suggestion that all these modelling 
techniques can equally be used to address failure in a linear elastic continuum. The values 
of G1 given in the table are interpolated so all result in the same failure load. In fact values 
of GI,, =150 J/m2 were used for softening schemes and the failure load of 65.5 N was the 
basis for calculating the GIc values for the "no-softening" schemes and in the case of 
LEFM crack closure technique. 
7.3.2- Elastic-perfectly plastic continuum 
From the application of stress/strain tripped rupture elements to an elastic CT model it was 
shown that all rupture elements with or without unloading can be used in modelling crack 
propagation in an elastic continuum. Application of strain tripped elements with no 
softening scheme to an elasto-plastic continuum provided a physically justifiable 
propagation process although the locking problem remained to be solved. Application of 
softening strain tripped rupture elements to a plastic CT model is therefore discussed in 
this section. 
Use of the energy based unloading scheme for the strain tripped rupture elements did not 
generally resolve the problem. Non-sequential tripping of the rupture elements along the 
crack line still occurred if the element tripping was controlled by the crack line nodal Y- 
strains. The effect of the unloading scheme was examined in rather more detail. 
Criteria for unloading scheme, parametric study 
, Close attention was paid to the locking phenomenon and the contribution of different 
parameters. Using the same finite element model and mesh refinement as described earlier 
in this chapter, a number of finite element analyses was performed. The effect of the strain 
parameter governing the tripping condition, the plasticity model assumed for the 
continuum behavior and the unloading scheme characteristics were considered in these 
analyses. 
As in the case of no softening elements the locking problem could not be resolved if the 
crack line nodal Y-strain was used to trip the elements. Use of alternative strain location 
such as the upper mid point nodal strain (node "b" instead of node "a", Fig. 7.15), 
although less physically justifiable, resulted in sequential element tripping and a smooth, 
deformed shape of the process zone similar to the one shown in Fig. 7.7. 
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Fig. 7.15- Nodes used to detect the tripping condition in the parametric study of "locking", 
a) 4-node continuum elements and ERE7, b) 8-node continuum elements and ERE14 
Both elastic-perfectly plastic (using different yield stresses) and isotropic hardening 
plasticity continuum models (Fig. 7.16) were used in conjunction with the softening strain 
tripped elements and the results were evaluated. As long as plasticity occurred in the crack 
tip area prior to tripping, the use of an alternative hardening model could not generally 
resolve the locking problem although the location of locking could be shifted. 
As shown earlier it was suggested that the strain distribution in a plastic continuum was 
significantly affected by the level and distribution of the near tip loading. To study the 
relation between the unloading scheme and the locking problem a number of energy based 
unloading arrangements of the strain tripped rupture element were examined as shown in 
Fig. 7.17 (similar to those in chapter 6, Fig. 6.4. a, b). The corresponding elements were 
applied to the CT model with either the elastic-perfectly plastic or the isotropic hardening 
continuum material and the analyses were performed. Different levels of (rupture) energy 
were also tried. The unloading scheme in which the elements were allowed to absorb the 
required energy at a constant tripping load followed by unloading and release (Fig. 7.17. a), 
resulted in similar locking conditions to the case of no softening elements. With the other 
scheme, where energy based unloading is started immediately after the rupture element is 
tripped, the occurrence of locking was found to be dependent on the assumed rupture 
energy. A study of this effect showed that a lower value of rupture energy (steeper 
unloading curve) would shift the location of locking further from the original crack tip. 
However using a very low value could cause analysis convergence problems and was not 
physically reasonable. 
116 
7. Analysis of the CT.. 
60 
Stress; Mpa 
50 
47 
40 
30 
26 
20 Elastic-Perfect Plastic 
-+- Elastic-Iso Hard Plastic 
10 
Strain; % 
0i 
!I 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 
Fig. 7.16- Continuum material models used in the parametric study of "locking" 
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Fig. 7.17- Unloading schemes and energy levels used in the parametric study of "locking" 
7.4- Concluding remarks 
The potential of strain tripped 14-node rupture elements with the "no softening" and the 
"energy based softening" schemes to model progressive crack propagation in elastic and 
elasto-plastic continuum was investigated. 
A series of these elements were integrated into the CT specimen model along the assumed 
crack propagation line and a number of analyses were performed. The assessment of 
modelling techniques was based on the experimental results obtained from the fracture 
specimen ("E27" bulk adhesive) tests under mode-I loading. 
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Application of "no softening" strain tripped rupture elements with an elastic continuum 
was shown to be an alternative presentation of LEFM. The fracture energy calculated 
using a rupture element extension technique was in excellent agreement with the LEFM 
crack closure technique. 
Energy based unloading using the fracture energy as the release state trigger in 
conjunction with an elastic continuum were shown to predict the failure load directly. 
In presence of continuum plasticity "no softening" rupture elements could model the 
propagation of the plastic zone with the damage zone, unlike their stress tripped 
counterparts. However a locking problem was identified. The rupture elements integrated 
along the crack line were not tripped in a sequential order as the analysis progressed 
(which was referred to as "locking"). 
A parametric study was carried out to investigate the relationship between the locking 
occurrence and the possible factors. These include the continuum material model, the 
tripping strain (level and reference) and the unloading energy and scheme. The use of 
alternative material models, levels of tripping strain or unloading energies and the 
unloading schemes did not resolve the locking problem. 
The only solution to this problem was to use a strain off the crack plane. This concept has 
been developed further using an average strain along with a time based softening scheme 
that forms the basis for the final development of a rupture element for failure prediction. 
The application of this element that was described in chapter 6 is considered in the next 
two chapters. 
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Chapter 8: Failure prediction in CT model using ERE3 
8.1- Introduction 
The rupture element ERE3 as described in chapter 6 was developed to resolve the locking 
problem associated with the rupture element ERE14 which utilised energy based 
unloading in modelling progressive crack propagation in plastic continuum. This was 
described in chapter 6 and was discussed in chapter 7. 
A series of these elements has been integrated into the CT model along the plane of 
symmetry that also forms the plane of crack propagation. The process of progressive crack 
propagation, the use of this type of rupture element in failure prediction and justification 
of the process are discussed in this chapter. A parametric study has been also performed to 
quantify the effects of mesh refinement, continuum material behavior and the tripping 
conditions on the modelling technique. 
8.2- The finite element models 
The finite element models of the CT specimen used in this chapter are generally similar to 
those used for the analyses discussed earlier in chapters 5 and 7. Due to symmetry only 
half of the specimen has been modelled. All finite element analyses presented in this 
chapter were performed under displacement control. Using similar refinement schemes, 
finite element models with three different degrees of mesh refinement around the crack tip 
area have been created. These are referred to as the coarse, the normal and the fine mesh. 
The mesh refinement scheme has been applied to the tip area at a crack length of 12 mm 
for which the experimental results are interpolated from the 12.6 mm crack length. The 
corresponding experimental failure load to this crack length was 64 N. The values of the 
smallest element size for different mesh refinements are given in Table 8.1. The typical 
finite element model is shown in Fig. 8.1. The correlation between the rupture element and 
the continuum elements was explained in chapter 6. The line of the rupture elements 
integrated into the CT model along the crack is shown in Fig. 8.2. 
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Mesh refinement Coarse (2L) Normal (L) Fine (L/2) 
Tip element size (µm) 3.250 1.625 0.8125 
Table 8.1- Smallest continuum element size for different degrees of mesh refinement 
Fig. 8.1- Finite element model of one half of the CT specimen used for assessment of 
ERE3 rupture element 
Fig. 8.2- Crack tip area of the CT model (coarse mesh) showing the line of ERE3 rupture 
elements incorporated along the crack line 
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8.3- The continuum material models 
8.3.1- The range of material models 
The use of an appropriate continuum material model makes a significant contribution to 
the response of the system to the applied far field loading. It is therefore necessary to use 
the most realistic model that is available for the continuum material in the final assessment 
and validation of the modelling technique where the critical parameters have to he 
adjusted. Simplified models such as the linear elastic or the elastic-perfectly plastic model 
may however be used in the preliminary stages of development and evaluation of the 
technique. The interpretation of results will become much easier when simple material 
models are considered. 
So far "linear elastic" and "elastic-perfectly plastic" models have been used with stress 
tripped rupture elements discussed in chapter 5. In addition to these models, in chapter 7 
an "elasto-plastic model with isotropic hardening" was also used with energy based strain 
tripped rupture elements. A more appropriate elasto-plastic material model, "Drucker- 
Prager" is used in this chapter to assess the modelling technique that uses ERE3 rupture 
elements. 
8.3.2- Drucker-Prager continuum model 
Experimental observations suggest that the classic von Mises criterion, where yielding is 
assumed to be dependent only on the second invariant of the deviatoric stress tensor, does 
not represent the response of the adhesive materials properly. Instead, pressure dependent 
criteria such as "Raghava" and "Drucker-Prager" may be used for this purpose. In the 
ABAQUS materials library "linear extended Drucker-Prager" and "exponent Drucker- 
Prager" models are available and can be used to model the adhesive materials. The latter 
has been adopted for the "E27" epoxy adhesive used in this work. The parameters required 
to define the material model for this adhesive were calculated based on the material 
parameters obtained from flat tensile tests carried out in the experimental part of this work 
and the available data from previous research, mentioned in chapter 3. The exponent 
Drucker-Prager model included in the ABAQUS materials library is based on the 
Raghava criterion for pressure sensitive materials. The criterion is given in equation 8.1. 
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ýQ, 
ý =3J, +(ý-1ý, 
1, (8.1) 
Where ý is the ratio of the yield stress in compression (6y, ) to the yield stress in tension 
((Yyt), J2 is the second invariant of the deviatoric stress tensor and I1 is the first invariant of 
the stress tensor. In ABAQUS the model is defined as given in equation 8.2. In this 
equation "a" and "b" are material parameters and pt is a hardening parameter. Expressions 
for the other parameters, "p" and "q", are also given by comparing with equation 8.1. 
aqn -P=P, (8.2) 
n 3ýý 1» .g= 
3J2 ,........ b =2,......... p =-3,........, P, = 3ýý 1ý 
The tensile yield stress (ßyt) is constant for perfect plasticity and is a function of the tensile 
yield strain for the isotropic hardening model. The plastic Poisson's ratio (vp) which is 
required to determine ý, is related to the dilation angle (`N) through the expression given in 
equation 8.3. Details of the experimental procedure to calculate ý are given in the 
ABAQUS user manual. The value of ý for E27 was found to he approximately 1.3. 
Dilation angle is the last parameter required to define the exponent Drucker-Prager model. 
3(1-2v, ) 
tan(ýP)= ` (8.3) 2 l+v,, 
Table 8.2 contains the parameters that define this material model and are used in the finite 
element analyses of the CT model in this chapter. This material model is also used to 
represent the behavior of the adhesive layer of the cleavage model throughout the next 
chapter. 
a b yf ayt (Mpa) 
0.0394 2 12.72 25.96 
Table 8.2- Required parameters to define "exponent Drucker-Prager" model for "E27" 
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It can be argued that even the exponent Drucker-Prager model used in this work may not 
fully describe the response of the adhesive as recently, more advanced material models 
have been suggested that represent the material response more accurately. 
8.4- Modelling progressive crack propagation using ERE3 
A series of ERE3 rupture elements was incorporated along the crack line of the CT model 
with normal mesh refinement (see Table 8.1). Non-linear finite element analyses were 
performed under displacement control to predict the failure load of the CT specimen under 
mode I fracture for an initial crack length of 12 mm. 
8.4.1- Development stages with energy based rupture 
Development of the ERE3 rupture element was the final outcome of a series of 
modifications applied to the ERE14 rupture element with energy based unloading in order 
to resolve the locking problem discussed in the previous chapter. Initially a 3-node rupture 
element was developed (still using the energy based unloading scheme). Based on the 
effect of near tip loading on the strain distribution at the vicinity of the crack tip presented 
in chapter 7, the standard finite element formulation of strain used for ERE 14 was 
replaced with the average strain obtained from the relative nodal displacements as 
explained in chapter 6. The 8-node continuum elements were also replaced with 4-node 
elements to avoid the possible effects of the linear MPC equations on the model 
performance. This transient rupture element was used in a number of finite clement 
analyses of the CT specimen model and the effect of the tripping strain and the assumed 
rupture energy on the conditions of propagation were investigated. The continuum 
material model used in these analyses was either elastic-perfectly plastic or elastic 
isotropic hardening plastic. 
It was found that for a high value of tripping strain the analysis tended to diverge. It was 
suggested that the occurrence of very high strain increments at the nodes of the continuum 
element around the crack tip (more than 50 times the strain that caused initial yielding) is 
responsible for this problem. The analysis tended to diverge when the tip element was 
released. When a lower tripping strain (but sufficient to provide some plastic deformation) 
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was used the rupture elements were tripped and then released but the locking problem 
remained. The process of tripping-release of the rupture elements did not always appear to 
occur in a sequential order along the crack line. For a tripping strain of 1.25% and rupture 
energy of 40 J/m2 elements were tripped and released sequentially. However for the same 
tripping strain but 150 J/m2 (the value representing the fracture energy in the case of an 
elastic continuum) a few rupture elements on the crack line (elements no. 2,3 and 4 from 
tip) were released before the tip element. It could be argued that due to the higher local 
continuum compliance the tip rupture element is not sufficiently extended to absorb the 
required rupture energy. 
8.4.2- Development of the modelling technique with time based unloading 
In the next stage of development the energy based unloading was replaced with a time 
based unloading scheme to enable the release of the rupture elements to be governed 
solely by the continuum conditions. To ensure that the unloading stage would not cause 
divergence of the analysis, the unloading process was forced to complete within a number 
of successive increments. The outcome was the ERE3 element introduced in chapter 6. 
This element was used with both continuum plasticity models and appeared to function 
properly for a range of tripping strains. The divergence problem was resolved and the 
elements were tripped and released sequentially. To adjust the tripping strain that would 
determine the failure load with this modelling technique it was necessary to use the most 
appropriate material model. The effect of different parameters will be discussed later in 
this chapter. 
A general presentation of progressive crack propagation in the CT model using ERE3 
rupture elements is given in Fig. 8.3. A number of fringes that show the deformed crack 
tip area of the CT specimen model from the initiation of plasticity at the tip through to the 
full extension of the crack towards the end of the process zone are used for this purpose. 
To show the extension of the plastic zone ahead of the process zone throughout the 
analysis equivalent plastic strains are shown in the fringes. The last fringe shows the end 
of the zone of rupture elements. Thus propagation is blocked and continued loading results 
in the development of the plane strain plastic zone as expected. 
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Fig. 8.3- Progressive crack propagation in CT model using ERE3 rupture elements 
showing the plastic zone (the equivalent plastic strain) ahead of the process zone. 
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8.5- Parametric study of the predictive model 
8.5.1 -Tripping strain level, study 
Progressive crack propagation in a plastic continuum can be presented by using ERE3 
rupture elements as shown in section 8.4. Based on this type of rupture element, failure 
prediction is controlled by the critical level of continuum strain. This parameter has to be 
adjusted to model the known crack. Thus the predicted failure load is confirmed by the 
experimental results. A range of tripping strain values from 2.5% to 15% was used for this 
purpose and non-linear finite element analyses were performed. The exponent Drucker- 
Prager material model was used to define the response of the epoxy adhesive "E27". All 
the strain values were high enough to allow some level of plasticity in the continuum 
before the tripping condition is reached. This will ensure that tripping will commence in 
the presence of some level of plasticity at the crack tip as suggested according to the 
experimental observations of the propagation process. In these analyses the normal mesh 
refinement was used for the CT specimen model with an initial crack length of 12 mm. 
Results suggest that for this degree of mesh refinement a tripping strain of around 12.5% 
would successfully predict the corresponding failure load of a 12 mm crack in the CT 
specimen. From Fig. 8.4 it can also be noted that for higher tripping strain values the 
predicted failure load would rise to an asymptotic value over the first few elements. These 
variations become more significant with increasing tripping strain. This seems to be the 
result of the developing plastic zone that might continue to grow after initial crack 
propagation. 
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Fig. 8.4- Correlation between the predicted failure load and the level of tripping strain for 
the CT model (normal mesh) with ERE3 rupture elements at 12 mm crack length 
8.5.2- Mesh refinement study 
The crack tip is a point of singularity and the rupture elements incorporated into the model 
at the crack tip would reflect this singularity. Since the strain calculation is based on 
relative displacements, crack tip mesh refinement will result in higher strain estimation at 
the same level of far field loading. In other words once a finer mesh is used the same level 
of tripping strain would result in the prediction of a lower failure load. This effect has been 
studied by using a range of tripping strains with the CT model for three different degrees 
of mesh refinement as discussed in section 8.2. The variation of the estimated failure loads 
with tripping strain for different mesh refinements are shown in Fig. 8.5 for comparison. 
The asymptote values of the failure load are used in the cases where high tripping strains 
caused variation in the failure load over the first few elements around the initial crack tip. 
The results shown in Fig. 8.5 may be used to calibrate the tripping strain for CT model 
using ERE3 rupture element with various degrees of continuum mesh refinement based on 
the expected failure load for a crack length of 12 mm. An alternative presentation of the 
results is shown in Fig. 8.6 where the variation of the predicted failure load with the mesh 
refinement for different tripping strains is plotted. It is indicating that for a specified 
tripping strain the predicted failure load is inversely proportional to the degree of mesh 
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refinement. This relationship is explained in Table 8.3 where it can be seen that the ratio 
of failure loads for various refinements is essentially independent of the actual tripping 
strain. 
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Fig. 8.5- Variation of predicted failure load with the applied tripping strain for different 
mesh refinements based on 12 mm crack length 
Mesh refinement Coarse (2L) Normal (L) Fine (L/2) 
Failure load (E1=2.5%) 30.9 (3.88) 15.76 (1.98) 7.96 (1.0) 
Failure load (Et=5%) 50.81 (4.0) 25.79(2.03) 12.71 (1.0) 
Failure load (e=7.5%) 72.5 (3.98) 36.45 (2.0) 18.21 (1.0) 
Failure load (c=10%) 97.90 (3.95) 49.57 (2.0) 24.82 (1.0) 
Table 8.3- Relation between the predicted failure load and the mesh refinement 
The ratio of the predicted load for each mesh to the fine mesh is given in the brackets. 
.4 
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Fig. 8.6- Variation of predicted failure load with the mesh refinement for different tripping 
strains based on 12 mm crack length 
8.5.3- Unloading time and energy considerations study 
Once the critical condition for crack propagation is reached and the process commences 
the crack tends to extend rapidly over a short time period. Such response is observed in 
practice and is termed "slip-stick" behavior. Thus the total unloading time for a rupture 
element has to be set to a very small value. This issue was investigated using the CT 
model with normal mesh refinement by implementing different unloading time intervals 
for the ERE3 rupture elements integrated into the model. The exponent Drucker-Prager 
model was used in these analyses. It was found that the unloading analysis time has to be 
at least 2 or 3 orders of magnitude smaller than the total time to failure to get the expected 
response of the system at the crack tip area (i. e. sequential progressive crack propagation). 
Results also indicated that further reductions of unloading time are unnecessary. This is 
illustrated in Fig. 8.7. In this figure the predicted failure loads corresponding to different 
tripping strain values are plotted for normalised unloading analysis times (based on the 
total analysis time taken as 1.0) of 1.0E-04 (dashed lines) and 1.0E-08 (solid lines). As 
shown the difference in the predicted failure loads due to unloading time is negligible. The 
typical normalised total time to failure for these analyses was 2.0E-1. The figures given as 
normalised time are based on the displacement-controlled analysis where the total analysis 
time (1.0) represents an input displacement of 0.4 mm. 
129 
8. Failure prediction in CT.. 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 
0 
P' N 
--------------- 
Eftiri--l 5% 
- 
£trin=l 2.5% 
Etrin=10% 
--------------Cfrin=%. 
5% 
crack extension, mm 
0 0.01 0.02 0.03 0.04 0.05 0.06 
Fig. 8.7- Effect of the unloading time on the predicted failure load in CT specimen using 
ERE3 rupture elements 
Energy absorption by the rupture elements and the change in continuum plastic dissipation 
during the process of crack propagation was also studied. This provides justification for 
the variation of the rupture energy and help to explain the contribution of the continuum 
plasticity in determining the critical conditions for failure. Results indicated that where a 
realistic material model is used the rupture energy is quite small compared with the LEFM 
based fracture energy value. Instead there is an indication of significant plastic dissipation 
in the continuum before the condition of rupture is reached. The total energy, the sum of 
the continuum plastic dissipation and the rupture energy per element extension of the 
crack is very comparable to the LEFM based fracture energy. A detailed numerical 
explanation of energy balance will be give in the next chapter where the effect of variation 
in the yield stress will also be considered. 
8.6- Concluding remarks 
The CT model was used to demonstrate the potential of the modelling technique based on 
ERE3 rupture elements that used a time based unloading scheme to predict the failure load 
of a pre-cracked elasto-plastic continuum. It was shown that this type of rupture element 
could provide progressive crack propagation. 
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The locking problem associated with the earlier versions of the rupture elements was 
resolved and the contribution of parameters such as the level of tripping strain, the mesh 
refinement, the continuum model and the characteristics of the unloading process in failure 
prediction were also studied. Increasing the tripping strain resulted in a roughly linearly 
increasing value of the predicted failure load. This relation remained almost linear for 
different tripping strains but the gradient decreased with decreasing element size 
(increasing the degree of mesh refinement). It was also found that the ratio of failure loads 
for various refinements is essentially independent of the actual tripping strain. Using 
different unloading times showed negligible effect on the predicted failure load provided 
that the unloading time was small enough to present progressive propagation. 
The rupture element applied to the CT specimen in this chapter has two basic limitations 
for general use. It is not applicable for mixed mode loading and can only be applied to 
symmetric model as it is grounded on the plane of symmetry. As presented in chapter 6a 
modified version of this element, called ERE3-G that overcomes these limitations has 
been developed. Application of this element will be discussed in the next chapter. 
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Chapter 9: Failure prediction of cleavage test specimen 
using ERE3-G 
9.1- Introduction 
As discussed in chapter 8, the rupture element ERE3 can be used to model progressive 
crack propagation in a plastic continuum. This rupture element was applied to the CT 
model to predict the propagation load for a crack developing along the plane of symmetry 
under mode-I loading. 
The modification of the rupture element in order to use the modelling technique in failure 
prediction in non-symmetric structures and to account for mixed mode loading led to the 
development of the rupture element ERE3-G as described in chapter 6. The use of this 
generalised element in modelling crack initiation and propagation along the "epoxy 
adhesive - aluminium substrate" interface of a cleavage specimen model under mode-I 
and mixed mode loading is discussed in this chapter. Experimental results from earlier 
research* were made available for use in assessment of the modelling technique. 
9.2- Cleavage finite element model 
The finite element model of cleavage test specimen is shown in Fig. 9.1. The model 
consists of aluminium substrates bonded with a2 mm-thick layer of the adhesive E27. The 
mesh refinement scheme used along the interface is similar to the scheme used for the CT 
specimen model. Experimental results were available for a range of crack lengths of up to 
3 mm as well as for the non-cracked specimens. Thus a localised refinement scheme was 
applied to a number of different crack lengths along the interface within this range as 
shown in Fig. 9.2. This figure shows the refined mesh around the crack tips at 0.0,0.5, 
1.0,1.5,2.0,2.5,3.0 mm. Similar schemes were also applied to the crack tips at 0.05 and 
0.25 mm to produce more results for very small crack lengths. The continuum element 
used for both the adhesive layer and the aluminium substrates was a 4-node quadrilateral 
plane strain type as defined in ABAQUS element library. The 3-node rupture elements as 
G Richardson, PhD thesis, 1993 
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described in chapter 6 have two nodes at the interface connecting the crack faces and a 
third node is coincident with the lower node in the adhesive continuum element. 
Fig. 9.1- Finite element model of the cleavage test specimen with aluminium substrates 
bonded with epoxy adhesive E27 
Fig. 9.2- Crack tip area localised mesh refinement scheme in the cleavage model at 
different crack lengths 
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9.3- Model characteristics 
9.3.1- Geometry and loading modes 
The geometry of the cleavage test specimen for which the experimental results are 
available is shown in Fig. 9.3. The specimens have been loaded through the 5.0 mm 
diameter pins inserted in the 5.05 mm diameter holes shown in the figure. The input load 
is applied to the left loading hole on the upper substrate that was attached to the load cell 
using a fixture specially designed for the experimental work. In the finite element model 
used for the analyses in this chapter, loading effects including the input and the reactions 
are taken as concentrated nodal forces acting at the centre of the loading pins. Taking into 
account that the loading effects are transmitted through the contact surface of the loading 
pins with the specimen holes and ignoring the frictional effects it can be concluded that the 
resultant forces pass through the pin centre and the assumption is therefore justified. 
50 
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Fig. 9.3- Details of cleavage test specimen, geometry and materials 
The depth of the specimen was 24 mm, quite sufficient to validate the condition of plane 
strain. This is also justified by the highly stiff aluminium substrates that restrict the 
adhesive deformation in the direction normal to the viewed plane. In the case of mixed 
mode loading the input is acting at a 45° angle (ccw) with the normal direction as shown 
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in Fig. 9.4. The loading shown at the other reaction pins resulted from the input loading. 
They were also assumed to act at the centre of the pins and were calculated using the static 
equilibrium conditions. The values shown in figure are proportional values and do not 
directly represent the actual loads (i. e. they are based on an input load of 3142 N). This 
loading scheme has been used in all analyses that use the mixed mode loading discussed in 
this chapter. 
Fig. 9.4- Mixed-mode loading arrangement used for cleavage model 
(Values of load components are given as ratios) 
9.3.2- Continuum material models 
The cleavage test specimen model consists of aluminium substrates bonded by a2 mm 
thick layer of Permabond E27 epoxy adhesive. In all analyses presented in this chapter the 
behaviour of aluminium substrate is considered to be linear elastic. According to the 
preliminary calculations and confirmed by the results of finite element analysis, within the 
practical range of loading, the substrates stay well below their elastic limit. The 
assumption of linear elastic behaviour for the aluminium substrates is therefore quite 
justifiable. A Young modulus of 70,000 MPa and a Poisson's ratio of 0.333 have been 
used for the aluminium substrates in the analyses. For the adhesive layer both elastic and 
exponent Drucker-Prager models have been used. The effect of slight increases or 
decreases of the yield point (+/- 10%) of the adhesive on predicted failure load has also 
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been studied. All other parameters that define the material response (a, b, `l') however 
were left unchanged (see table 8.1). 
9.4- Assessment of ERE3-G in failure prediction 
9.4.1- Assessment strategy 
The finite element mesh of cleavage model was refined to the same degree as the normal 
mesh used for CT model in chapter 8. Calibration of the tripping strain was based on a 
crack length of 3 mm and mode-I loading. A presentation of the deformed model showing 
the propagated crack along the upper interface under mode-I loading is given in Fig. 9.5. 
Fig. 9.5- Deformed cleavage finite element model showing the adhesive layer and the 
propagated crack along the interface 
The calibrated tripping strain will be used for failure prediction in cracked and non- 
cracked specimens under mode-I and also in mixed mode loading. To assess the predictive 
technique experimental data will be compared with the model predictions to validate the 
results. Fig. 9.6 shows the crack tip area at a crack length of 3 mm. The crack is extended, 
from the initial tip at 3 nun, towards the end of the refined mesh. The rupture elements 
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have been incorporated in this refined mesh on the interface. The figure also indicates that 
deformation in the aluminium part is negligible compared with the much more compliant 
adhesive side of the crack, as expected. 
Fig. 9.6 The crack tip area for an initial crack of 3 mm showing a propagated crack where 
ERE3 elements are used along the interface to predict the failure load 
9.4.2- Cleavage model, Mode-I analyses 
Calibrating the tripping strain 
As mentioned, calibration of tripping strain was based on joint data with a crack length of 
3 mm and mode-I loading. Using the range of experimental results for this crack length an 
average value of experimental failure load of 775 N was determined. To achieve this value 
for various material models a number of analyses using different tripping strains were 
performed and the appropriate tripping strain was estimated accordingly. Fig. 9.7 shows 
the results for the best estimations of the tripping strains and their corresponding failure 
load. 
The recommended values for the calibrated tripping strain in failure prediction in the 
cleavage model with this degree of mesh refinement are summarised in Table 9.1. The 
mode-I failure loads given in this table are predicted from finite element analysis of 
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cleavage model with ERE3-G rupture elements using the calibrated tripping strains. The 
asymptote load values are used as the predicted failure load. 
1000 
load, N -* - Elastic E27 950 
-+- DP; 10% higher yield point 
900 
-'-DP; test material data 
850 
-+- DP; 10% lower yield point 
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Fig. 9.7- Estimated failure loads of the cleavage test specimen under mode-I loading 
(Using the tripping strains calibrated against a crack length of 3 mm) 
elastic Drucker-Prager 
(l. laa, ) 
Drucker-Prager 
(l. Oayt) 
Drucker-Prager 
(0.9aY. ) 
experiment 
Tripping strain 8.45 11.0 10.75 10.50 --- 
(%) 
Failure load 774.2 775.8 773.3 775.1 775 (av. ) 
(N) 
Table 9.1- Estimation of calibrated tripping strains for the cleavage test specimen model 
with normal mesh based on a crack length of 3 mm and mode-I loading 
Failure prediction under mode-I loading 
Using the calibrated values of tripping strain, finite element analyses of the cleavage 
model with ERE3-G rupture elements incorporated along the crack line at different locally 
refined crack tip locations corresponding to a range of crack lengths from 0.0 to 3.0 mm 
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were performed. Mode-I predicted failure loads obtained for various material models 
mentioned in section 9.3.2 have been compared with the averaged experimental results. 
The analysis was repeated for all crack lengths using the exponent Drucker-Prager 
material model based on the actual standard test results. With other material models 
including the elastic adhesive model and Drucker-Prager model with 10% higher or lower 
tensile yield points the analyses were only performed for a selection of the crack lengths. 
The analysis of the non-cracked and the 3 mm long crack were included for all material 
models. Results, showing the variation of the normalised (based on experimental failure 
load for mode-I non-cracked specimen) values of failure load (experimental and predicted) 
with the crack length, are plotted in Fig. 9.8. According to these results it is suggested that 
the modelling technique used in this chapter can predict the failure load of the cracked 
configurations under mode-I loading as the results are in good agreement with the 
experimental failure loads. For the non-cracked configuration however the result predicted 
based on this modelling technique is somewhat over estimated. However, unlike fracture 
mechanics, the technique does predict a finite load for the non-cracked case. The predicted 
value is also dependent on the material model used in the analysis and at zero crack length 
the predicted result based on Drucker-Prager model is significantly better than the result 
obtained for the elastic model. The significance of the effect of the material model and the 
sensitivity of results to this parameter for non-cracked case is shown in table 9.2. For very 
small crack lengths however the difference between the predicted and the experimental 
values will drop significantly. To provide a clear understanding of this issue the predicted 
and the experimental failure loads for crack lengths of 0.0 to 1.0 mm are compared in 
Table 9.3. 
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Fig. 9.8- Mode-I results for failure load in cleavage test specimen at different crack 
lengths based on different continuum models compared with the experimental data 
Non-cracked elastic Drucker-Prager Drucker-Prager Drucker-Prager 
mode-I results (1. lay, ) (1.0aya (0.9ay, ) 
Failure load 3158 2390 2317 2232 
(N) 
Table 9.2- Comparison of predicted failure loads for non-cracked model based on various 
material models 
Crack length 
(mm) 
0.0 0.005 0.09 0.25 0.36 0.50 0.96 1.0 
Experimental 
Averaged (N) 
1436 -- 1409 1333 1281 1173 1076 --- 
Predicted (N) 2317 2183 --- 1420 --- 1222 --- 1017 
Difference (%) 61 6.5 4.17 
Table 9.3- Comparison of predicted and experimental failure loads for small crack lengths 
in cleavage model under mode-I loading 
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To explain the difference between the predicted failure load and the experimental results 
for the non-cracked model the effect of the manufacturing procedure of the joint and the 
loading arrangement on the failure load should be considered. It can be argued that in 
practice an inherent crack with a very short length does exist even where theoretically the 
crack length is assumed to be zero. This means that failure may initiate at a lower load 
than that predicted. The results obtained from an analysis for a very short crack length of 
0.005 mm showed a very noticeable reduction in the predicted failure load and this 
supports the argument above. It is also worth mentioning that for very small crack lengths 
and especially for the non-cracked situation the size of the finite elements at the tip area 
compared to the crack length is no longer small enough and perhaps a higher mesh 
refinement is required to improve the results. The criterion used for failure prediction in 
this modelling technique however is likely to be mesh dependent. Based on the 
experimental results it is suggested that there is little increase in the failure load for the 
range of crack lengths from around 0.5 mm to zero. The predicted results for a crack 
length of 0.25 or 0.5 mm are consistent with this experimental observation. Putting these 
points together it can be concluded that the technique is applicable to a wide range of 
crack lengths starting at very small cracks. 
Based on the results obtained from application of this rupture element (ERE3-G) it can be 
concluded that significant improvement in modelling progressive crack propagation in a 
plastic continuum has been achieved. It was found that including plasticity and the use of a 
more realistic material model results in improved predictions for the non-cracked 
configuration. 
9.4.3- Cleavage model, Mixed-mode analyses 
Similar analyses to those described in the previous section were used to validate the 
modelling technique for failure prediction under mixed mode loading and thus to extend 
its field of applicability. The cleavage mesh with the localised refinement, described 
earlier in this chapter, was used for all mixed mode analyses. The calibrated values of 
tripping strain obtained based on mode-I loading and a crack length of 3 mm as given in 
Table 9.1 were applied to predict the failure load under mixed mode loading. It should be 
noted that unlike previous studies different criteria have not been used as the loading mode 
has changed. Values of failure load obtained for a crack length of 3 mm based on elastic 
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and Drucker-Prager material models are shown in Fig. 9.9. The results obtained for 
Drucker-Prager models show significant improvement, compared with those of the elastic 
model, and are in good agreement with the experimental results corresponding to the 
mixed mode loading as shown in Fig 9.10. This is a remarkable achievement as it suggests 
that in a plastic continuum the average strain level, in the direction perpendicular to the 
crack, dominates the condition of propagation of the crack regardless of the loading mode, 
provided that the appropriate material model is used. However for an elastic continuum 
this parameter does not represent the condition of failure as the result obtained for the 
elastic model is significantly lower than the experimental load. Predictions for mixed 
mode failure load based on the mode-I calibrated tripping strains and the Drucker-Prager 
material model remain in close agreement with the experimental results over the range of 
crack lengths. In Fig. 9.10 the mixed mode results for Drucker-Prager model at all crack 
lengths and the predicted failure load for other material models at selected crack lengths 
are plotted against the experimental data. Predictions for the non-cracked model -similar 
to the case of mode-I loading - are somewhat higher than the experimental results. A 
similar explanation to that given for the mode-I results applies. While the mixed mode 
prediction for an elastic model corresponding to a crack length of 3 mm is significantly 
lower than the experimental result, at the other end of the range of crack lengths the result 
for the non-cracked model based on elastic material model is far above the expected value. 
Use of the calibrated tripping strains based on mode-I loading for mixed mode loading 
resulted in remarkable prediction of failure loads. This significant achievement suggests 
that a single failure criterion can be used for all modes of loading. The conclusions 
outlined for mode-I loading are also valid for the mixed mode. Including plasticity and use 
of appropriate material model significantly improved the failure prediction specially for 
the non-cracked configuration and the technique provides a physically justifiable 
progressive crack propagation process that was not achieved with the previous rupture 
elements. 
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Fig. 9.9- Estimated failure loads of cleavage test specimen under mixed mode loading 
(Using the mode-I tripping strains calibrated based on a crack length of 3 mm) 
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Fig. 9.10- Mixed mode results for failure load in cleavage test specimen at different crack 
lengths compared with the experimental data 
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9-5- Energy considerations 
As discussed in chapters 7 and 8, application of the energy based unloading scheme of the 
rupture elements was associated with the problem referred to as locking. The time based 
unloading scheme was used to resolve this problem. In this scheme it is not possible to 
control the energy dissipation during failure and thus this aspect is considered here. The 
energy absorption by the rupture elements during the process of progressive crack 
propagation and the simultaneous plastic dissipation under mode-I loading have been 
worked out and the energy balance of the system has been discussed. Energy distributions 
for non-cracked and pre-cracked cleavage models have been compared. Both elastic and 
Drucker-Prager models have been analysed. The effect of the tensile yield point has also 
been considered. 
Fig. 9.11 shows the continuum plastic dissipation per element length extension for 
different crack lengths in the range of 0.0 to 3.0 mm. The values given as dissipated 
energy in the continuum represent the total change in plastic dissipation between two 
increments during which a rupture element is totally unloaded. This is the period during 
which the rupture energy is absorbed in the rupture element. This continuum dissipation 
has been determined for rupture in the asymptotic part of propagation. For each crack 
length the results were calculated for the rupture of the various elements along the crack 
line and found to be quite consistent. The averaged values used in Fig. 9.11 are based on 
the exponent Drucker-Prager model for the adhesive layer. 
As shown the level of plastic dissipation for most crack lengths remains almost 
unchanged. However there is significant increase for the very short cracks. As shown in 
Figs. 9.12 and 9.13 the energy absorbed by the rupture elements on the other hand is 
almost constant for crack lengths of 0.0 and 3.0 mm for a given elasto-plastic material 
model. It is also much lower than the dissipation term. This means that the total energy 
increase per element extension for very short cracks is significantly higher than the longer 
cracks. This explains the higher prediction of the non-cracked failure load as discussed in 
the previous sections. To enable comparison of results for non-cracked and 3 mm crack 
configurations energy values are also shown in Table 9.4. The sensitivity of the rupture 
energy and plastic dissipation terms to the variations in tensile yield point of the 
continuum material for the cracks of 0.0 and 3.0 mm are also shown in Figs. 9.12 and 9.13 
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respectively. The first column (1) in these figures refers to the elastic continuum and the 
following columns to the Drucker-Prager model with 10% higher, the normal and the 10% 
lower tensile yield point respectively. 
2.50E-03 
dissipation 
2.25E-03 (N-mm) 
2.00E-03 
1.75E-03 
1.50E-03 
1.25E-03 
1.00E-03 
7.50E-04 crack length, mm 
5.00E-04 
-0.5 0 0.5 1 1.5 2 2.5 3 3.5 
Fig. 9.11- Variation of plastic dissipation per element extension at different crack lengths 
in the adhesive layer of the cleavage specimen 
Crack length, mm 0.00 (non-cracked) 3.00 (cracked) 
Plastic dissipation, N mm 2.07E-03 8.70E-04 
Rupture energy, N mm 1.65E-04 1.75E-04 
Ratio of plastic dissipation 
to rupture energy 
12.55 4.97 
Table 9.4- Comparison of fracture energy and plastic dissipation for non-cracked and 3 
mm crack in cleavage model using exponent Drucker-Prager model 
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Fig. 9.12- Comparison of fracture energy and plastic dissipation in non-cracked cleavage 
specimen under mode-I loading (columns 1-4: elastic and DP with 1.1,1.0 and 0.9 6Y4, ) 
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Fig. 9.13- Comparison of fracture energy and plastic dissipation in cracked (3-mm long) 
cleavage specimen under anode-I loading (columns 1-4: elastic and DP with 1.1,1.0 and 
0.9 (Yye, ) 
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9-6- Concluding remarks 
In this chapter the failure prediction technique that uses ERE3-G rupture element was 
extensively assessed through the integration of these elements along the crack line of a 
cleavage model. Continuum plasticity was included and both cracked and non-cracked 
configurations under mode-I and mixed mode loading were analysed. 
Using this technique, although the unloading process of rupture elements was not 
controlled, consistent rupturing energies were obtained. Thus progressive crack 
propagation in plastic continuum was successfully represented. 
Using this type of rupture element the validity of the modelling technique was extended to 
failure prediction in a plastic continuum. Other rupture elements could only address failure 
in an elastic continuum. 
The failure prediction based on this rupture element was significantly improved by using a 
more realistic continuum material model. It can not be generally recommended for an 
elastic continuum. 
Good failure prediction for all loading modes was achieved using a single failure criterion. 
Thus the failure prediction technique was found to be mode independent. This is a 
noteworthy and important achievement 
The use of the modelling technique applied to both mode-I and mixed mode loading in a 
plastic continuum as discussed in this chapter would suggest that this approach is a 
promising method in achieving a framework for predicting failure initiation and 
propagation. ERE-G appears to be a very robust rupture element. 
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Chapter 10: Concluding remarks and future work 
To satisfy the objectives of this work a range of rupture elements has been developed 
throughout the research programme. These elements were integrated into the fracture 
specimens for which experimental failure data were available. Applicability of the models 
in predicting the failure initiation and propagation load in elastic and elasto-plastic 
materials was evaluated by comparison of the model prediction with experimental results. 
In this chapter a brief review of the achievements is given and the possible areas for future 
continuation of the research are suggested based on the problems that were discussed 
during this work. 
10.1- Concluding remarks 
A review of the existing literature in the field of fracture mechanics and damage 
mechanics and the use of finite element analysis in modelling crack initiation and 
propagation justified the need for further investigation of the problem based on the 
approach used in this research. This issue was addressed in chapter 2. 
In addition to the available experimental data that supported the assessment of the 
modelling technique a range of test configurations was also considered as the experimental 
part of the work as discussed in chapter 3. The results of flat tensile specimen tests were 
found to be in excellent agreement with the available results from previous tests for the 
same adhesive under similar conditions (rate and temperature). Thus the response of 
"Permabound E27" epoxy adhesive was verified and could be used in further assessments 
with confidence. Results of tests on pre-cracked fracture specimens, including bulk 
compact tension specimens and double cantilever beam joints, were processed and used in 
a review of the conventional linear elastic fracture mechanics (LEFM) as presented in 
chapter 4. Consistent results for the two configurations were obtained that could be used in 
validating of the modelling techniques discussed in chapters 5 and 7. 
In chapter 5 the use of "stress tripped" rupture elements in failure prediction in elastic 
continua was addressed where two versions of this rupture element were discussed. Using 
the element extension technique, the stress tripped rupture elements with no unloading 
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scheme produced exactly the same results as conventional LEFM. It was therefore 
concluded that this technique could be used as an alternative to LEFM. When the stress 
tripped rupture elements with unloading were integrated into the continuum, the technique 
directly predicted the failure load. This was achieved by allowing the element to absorb 
the rupture energy equal to the fracture energy Gc (LEFM fracture parameter). However it 
was found that this type of rupture element could address failure in elastic continua only. 
Thus a modelling technique was developed that could be used for failure prediction in 
elastic continuum. 
The strain tripped rupture elements were developed to overcome the associated problem 
and account for plasticity. A range of these rupture elements was defined in chapter 6. The 
strain tripped rupture elements were developed with or without an unloading scheme. Two 
unloading schemes were used. One was an energy based unloading scheme while in the 
other suggested scheme time based unloading was used instead. Using simple benchmarks 
it was found that all rupture elements were performing properly. Application of these 
elements to the specimen models was addressed throughout the chapters 7,8 and 9. 
In chapter 7, the strain tripped rupture element with or without unloading was applied to 
the elastic model. It could model crack propagation directly (with unloading) or indirectly 
(without unloading) and like the stress tripped element could be used as an alternative to 
conventional LEFM methods with the advantage that direct prediction of the failure load 
was possible by unloading the rupture elements. 
The strain tripped rupture element was also used for failure modelling in the presence of 
plasticity. Rupture elements with no unloading scheme could represent the development of 
the plastic zone along with the process zone although the elements integrated into the 
continuum along the crack line were not tripped sequentially which is probably not 
realistic. Using the energy based unloading scheme it was concluded that although the 
plastic zone developed with the process zone as expected, yet the mode of failure was 
probably not realistic. Representation of the developing plastic zone with the process zone 
was an additional achievement compared with the stress tripped rupture elements. 
However the rupturing process in the plastic continuum resulting from the use of this 
approach could not be fully justified. Reasons for the occurrence of the phenomenon 
referred to as "locking" were found to include the dependence of the unloading conditions 
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on the level of continuum plasticity, the effects of mesh refinement and the rupture 
element forces on the strain distribution at the crack tip area and the level of the rupture 
energy used for the unloading phase. 
To overcome the associated problem with this modelling technique a strain tripped rupture 
element with time based unloading was developed (ERE3). This element is also activated 
at a critical strain but the unloading process is governed by the continuum. This modelling 
technique, applied to the CT model, was found to address properly the process of 
progressive crack propagation in plastic continua. To further investigate the applicability 
of this technique in modelling crack initiation as well as crack propagation in plastic 
continua it was also applied to the cleavage model to predict the mode-I and mixed mode 
failure in adhesively bonded joints. To do this modifications were made to the element 
definition so it could be used with non-symmetric models and for mixed mode loading. 
Application of the modified rupture element, ERE3-G, produced very promising results. 
The predicted failure loads obtained based on a single failure criterion were found to be in 
good agreement with the experimental data for a wide range of crack lengths in both 
mode-I and mixed mode configurations. Thus the developed technique has had its 
contribution to the development of a design framework for predicting failure initiation and 
propagation. This element was found to satisfy the objectives of the research. 
10.2- Areas for future work 
This research has advanced the field of design for failure. However some limitations still 
apply and some problems have been faced based on which areas of possible future work 
are suggested. Three areas of further developments are outlined in this section. 
" Experimental work 
For the non-cracked configuration results are only available for the cleavage model. The 
need for a wider range of experimental work using the same adhesive (E27) is obvious. 
Especially it is recommended to carry CT tests for non-cracked specimens the results of 
which can be used for further assessment of the modelling technique. DCB joints with 0.1 
mm thickness of the adhesive layer were successfully manufactured during this work. Pre- 
cracking of these specimens however remained to be achieved as the techniques tried for 
this did not work. It is suggested to develop a pre-cracking technique for these joints. Once 
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this is achieved it will be possible to perform a series of tests using this configuration and 
investigate the effect of plastic zone size on crack development. 
The experimental data used in the assessments belong to one specific adhesive material 
(E27) only. The use of alternative adhesives will be very helpful for further validation of 
the modelling technique. Thus it is suggested to design a series of tests including flat 
tensile and fracture test specimens using some other adhesives. Flat tensile tests will be 
required if the adhesive properties are not known. A series of fracture tests including CT, 
DCB and cleavage tests using the alternative adhesives can be designed. Other classes of 
engineering materials (i. e. metallic materials) may also be considered. 
" Material models 
The use of more advanced material models (i. e. the Gurson-Tvergard-Needelman model 
for rate and temperature dependent materials including isotropic and kinematic hardening 
(Hao and Brocks (1997)) can improve the results. It is also possible to develop new 
specific material models based on the experimental data using the user defined material 
option (UMAT) in the ABAQUS finite element analysis code. The applicability of the 
modelling technique can be assessed with more confidence by using more accurate and 
realistic material models. 
" Further completion of the present technique 
The present achievement suggests the level of strain as the only parameter to determine 
the failure condition. It may be possible to combine the ERE3-G rupture element and the 
energy based unloading concept by further investigation of the energy balance and the 
continuum plasticity level. This achievement, if possible, would result in significant 
improvement of the technique and perhaps address the mesh refinement limitation by 
suggesting a "rupture energy" as a characteristic control parameter. To overcome the 
instability problems associated with the elements that include energy based unloading as 
experienced in this work, the use of an explicit analysis code may be considered. 
Alternatively it may be also possible to improve stability by introducing damping 
parameters in the commercial FEA code. In the latest version of the commercial FEA code 
used in this work, an automatic mechanism for stablising unstable static problems is 
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included that might be helpful. This is achieved through the automatic addition of volume 
proportional damping to the model*. 
" Account for arbitrary path of crack growth 
The modelling technique presented in this work deals with a pre-defined crack extension 
plane. Further developments are required to address the process of propagation along an 
arbitrary path. This may be achieved through a dynamic re-meshing scheme as the crack 
tip moves. The development of a polymorphous element that changes from a continuum 
element to an element containing a crack under specified condition may also provide a 
solution. 
' Automatic stablisation of static problems, ABAQUS user manual, version 8.5, section 8.2.1 
152 
Appendices 
Appendices 
Appendix A: 
User defined linear spring element, LS 
Appendix B: 
User defined non-linear spring element, NLS 
Appendix C: 
Strain calculation for 4-node quadrilateral elements 
Appendix D: 
User element ERE7 (no unloading) 
Appendix E: 
Strain calculation for 8-node quadrilateral elements 
Appendix F: 
User element ERE 14 (no unloading) 
Appendix G: 
User element ERE 14 (energy based unloading) 
Appendix H: 
User element ERE3 
Appendix I: 
User element ERE3-G 
153 
Appendices 
Appendix A: 
User defined linear spring element, LS 
C User element LS 
C Developed by S. Hadidimoud 
C This subroutine defines a "LINEAR SPRING ELEMENT" 
C This subroutine is called by the ABAQUS finite element code 
C 
C 
C 
C 
SUBROUTINE UEL (RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
INCLUDE 'ABA PARAM. INC' 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), SVARS(NSVARS), 
1 ENERGY(8), PROPS(*), COORDS(MCRD, NNODE), 
2 U(NDOFEL), DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), 
3 PARAMS(3), JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), 
4 DDLMAG(MDLOAD, *), PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C Define the element properties 
AK=PROPS(1) 
C 
C Matrix initialisation 
DO 100 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 200 K=1, NDOFEL 
AMATRX(K, I)=0. ODO 
200 CONTINUE 
100 CONTINUE 
C 
C Stiffness matrix and right hand side vector 
AMATRX(2,2)=AK 
AMATRX (4,4) =AK 
AMATRX (2,4) =-AK 
AMATRX (4,2) =-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
C 
RETURN 
END 
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Appendix B: 
User defined non-linear spring element, NLS 
C User element NLS 
C Developed by S. Hadidimoud 
C This subroutine defines a "NON-LINEAR SPRING ELEMENT" 
C This subroutine is called by the ABAQUS finite element code 
C 
C 
C 
SUBROUTINE UEL (RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
INCLUDE 'ABA PARAM. INC' 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), SVARS(NSVARS), 
1 ENERGY(8), PROPS(*), COORDS(MCRD, NNODE), 
2 U(NDOFEL), DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), 
3 PARAMS(3), JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), 
4 DDLMAG(MDLOAD, *), PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C 
C Define the element properties 
AK1=PROPS(1) 
AK2=PROPS(2) 
FO=PROPS(3) 
UO=F0/AK1 
C 
C Matrix initialisation 
DO 501 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 502 K=1, NDOFEL 
AMATRX(K, I)=0. ODO 
502 CONTINUE 
501 CONTINUE 
C 
C Stiffness matrix and right hand side vector 
IF (U(4). GT. UO) GOTO 600 
AMATRX(2,2)=AK1 
AMATRX(4,4)=AK1 
AMATRX (2,4) =-AK1 
AMATRX(4,2)=-AKI 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
C 
IF (U(4). LE. UO) GOTO 500 
600 AMATRX(2,2)=AK2 
AMATRX(4,4)=AK2 
AMATRX (2,4) =-AK2 
AMATRX(4,2)=-AK2 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-U0) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-U0) 
RHS(2,1)=RHS(2,1)+F0 
RHS(4,1)=RHS(4,1)-FO 
C 
500 RETURN 
END 
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Appendix C: 
Strain calculation for 4-node quadrilateral elements 
C Routine: strain 4 
C Developed by S. Hadidimoud 
C This routine calculates nodal strains from displacements for a 
C 4-node quqdrilatqral element 
C 
DIMENSION BMAT(3,8), UP(8), ANXI(4), ANETA(4), ANX(4), ANY(4), 
1AJ(2,2), AJINV(2,2), EPSI(3), EPS1(3), EPS2(3), EPSAV(3) 
DIMENSION COORDS(2,4) 
C 
DO 100 K=1,4 
C 
C Matrix initialisation 
DO 401 J=1,8 
UP(J)=0. ODO 
DO 402 I=1,3 
402 BMAT(I, J)=O. ODO 
401 CONTINUE 
DO 403 I=1,3 
EPSI(I)=0. ODO 
EPS1(I)=0. ODO 
EPS2(I)=O. ODO 
403 EPSAV(I)=0. ODO 
DO 404 I=1,4 
COORDS(1, I)=0. ODO 
COORDS(2, I)=0. ODO 
ANX(I)=O. ODO 
ANY(I)=0. ODO 
ANXI(I)=O. ODO 
404 ANETA(I)=0. ODO 
DO 405 I=1,2 
DO 406 J=1,2 
AJ(I, J)=0.0DO 
406 AJINV(I, J)=0. ODO 
405 CONTINUE 
C 
C Local co-ordinates (nodes) 
IF (K. EQ. 1) THEN 
XI=-1. 
ETA=-1. 
END IF 
C 
IF (K. EQ. 2) THEN 
XI=1. 
ETA=-1. 
END IF 
C 
IF (K. EQ. 3) THEN 
XI=1. 
ETA=1. 
END IF 
C 
IF (K. EQ. 4) THEN 
XI=-1. 
ETA=1. 
END IF 
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C 
C Shape function derivatives in local co-ordinates 
ANXI(1)=(-0.25)*(1-ETA) 
ANXI(4)=(-0.25)*(1+ETA) 
ANXI(3)=(0.25)*(1+ETA) 
ANXI(2)=(0.25)*(1-ETA) 
C 
ANETA(1)=(-0.25)*(1-XI) 
ANETA(4)=(0.25)*(1-XI) 
ANETA(3)=(0.25)*(1+XI) 
ANETA(2)=(-0.25)*(1+XI) 
C 
C Non zero co-ordinates on the element nodes 
COORDS(2,4)=0.15 
COORDS(2,3)=0.15 
COORDS(1,3)=0.2 
COORDS(1,2)=0.2 
C 
C Jacobian matrix construction, AJ 
C 
DO 10 J=1,2 
DO 20 I=1,4 
AJ(1, J)=AJ(1, J)+ANXI(I)*COORDS(J, I) 
20 AJ(2, J)=AJ(2, J)+ANETA(I)*COORDS(J, I) 
10 CONTINUE 
C 
C Inverse of Jacobian Matrix, AJINV 
DETJ=AJ(1,1)*AJ(2,2)-AJ(1,2)*AJ(2,1) 
AJINV(1,1)=AJ(2,2)/DETJ 
AJINV(1,2)=-AJ(1,2)/DETJ 
AJINV(2,1)=-AJ(2,1)/DETJ 
AJINV(2,2)=AJ(1,1)/DETJ 
C 
C B-matrix, calculation of matrix elements 
DO 30 I=1,4 
ANX(I)=AJINV(1,1)*ANXI(I)+AJINV(1,2)*ANETA(I) 
30 ANY(I)=AJINV(2,1)*ANXI(I)+AJINV(2,2)*ANETA(I) 
C 
C B-matrix, Construction 
BMAT (1,1) =ANX (1) 
BMAT(1,3)=ANX(2) 
BMAT(1,5)=ANX(3) 
BMAT(1,7)=ANX(4) 
C 
BMAT (2,2) =ANY (1) 
BMAT(2,4)=ANY(2) 
BMAT (2,6) =ANY (3) 
BMAT (2,8) =ANY (4) 
C 
BMAT (3,1) =BMAT (2,2) 
BMAT (3,2) =BMAT (1,1) 
BMAT (3 , 3) =BMAT (2 ,4) 
BMAT(3,4)=BMAT(1,3) 
BMAT (3,5) =BMAT (2,6) 
BMAT (3,6) =BMAT (1,5) 
BMAT(3,7)=BMAT(2,8) 
BMAT(3,8)=BMAT(1,7) 
C 
PRINT *, '***BMAT***' 
PRINT 11, K 
11 FORMAT ('**ID=', I2,1**') 
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DO 13 I=1,3 
13 PRINT 12, (BMAT(I, J), J=1,8) 
12 FORMAT (2X, 8(E9.2, 'j')/) 
C 
C Displacement vector (nodal) 
C 
C Plane stress option 
C UP(1)=0. 
C UP(2)=0. 
C UP(3)=1.6259E-04 
C UP(4)=4.8947E-04 
C UP(5)=-2.1331E-04 
C UP(6)=5.3763E-04 
C UP(7)=O. 
C UP(8)=4.8158E-05 
C 
C Plane strain option 
UP(1)=0. 
UP(2)=0. 
UP(3)=3.0858E-04 
UP(4)=6.9749E-04 
UP(5)=-3.7935E-04 
UP(6)=7.3813E-04 
UP(7)=0. 
UP(8)=4.0645E-05 
C 
C Calculation of strain components EPSI 
DO 40 I=1,3 
DO 50 J=1,8 
50 EPSI(I)=EPSI(I)+BMAT(I, J)*UP(J) 
PRINT 14, EPSI(I) 
40 CONTINUE 
14 FORMAT (2X, E10.3/) 
C 
100 CONTINUE 
C 
END 
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Appendix D: 
User element ERE7 (no unloading) 
C User element ERE7 
C Developed by S. Hadidimoud 
C This subroutine defines a "7-node strain tripped rupture element" 
C This subroutine is called by the ABAQUS finite element code 
C 
SUBROUTINE UEL(RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
C 
C 
C 
INCLUDE 'ABA PARAM. INC' 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY(8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
DIMENSION BMAT(3,8), UP(8), ANXI(4), ANETA(4), ANX(4), ANY(4), 
1AJ(2,2), AJINV(2,2), EPSI(3), EPSR(3), EPSL(3) 
DIMENSION COORD(2,4) 
C 
C Strain (nodal/integration point) calculation routine starts here 
C Local co-ordinates (nodes or integration points) 
IF (IP. EQ. 1) THEN 
C XI=-1. /(3. **. 5) 
C ETA=-1. /(3. **. 5) 
XI=-1. 
ETA=-1. 
END IF 
C 
IF (IP. EQ. 2) THEN 
C XI=1. /(3. **. 5) 
C ETA=-1. /(3. **. 5) 
XI=1. 
ETA=-1. 
END IF 
C 
IF (IP. EQ. 3) THEN 
C XI=-1. /(3. **. 5) 
C ETA=1. /(3. **. 5) 
XI=1. 
ETA=1. 
END IF 
C 
IF (IP. EQ. 4) THEN 
C XI=1. /(3. **. 5) 
C ETA=1. /(3. **. 5) 
XI=-1. 
ETA=1. 
END IF 
C 
C Loop for adjacent continuum elements to the rupture element 
DO 100 IN=1,2 
C 
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C 
402 
401 
C 
403 
404 
406 
405 
C 
C 
C 
C 
C 
C 
Matrix Initialisation 
FO=O. ODO 
U0=0. ODO 
DO 401 J=1,8 
UP(J)=0. ODO 
DO 402 I=1,3 
BMAT(I, J)=0.0D0 
CONTINUE 
DO 403 I=1,3 
EPSI(I)=0. ODO 
IF (IN. EQ. 1) THEN 
EPSR(I)=0. ODO 
END IF 
IF (IN. EQ. 2) THEN 
EPSL(I)=0. ODO 
END IF 
EPSAV(I)=0. ODO 
CONTINUE 
DO 404 I=1,4 
COORD(1, I)=0. ODO 
COORD(2, I)=0. ODO 
ANX(I)=0. ODO 
ANY(I)=0. ODO 
ANXI(I)=0. ODO 
ANETA(I)=0. ODO 
DO 405 I=1,2 
DO 406 J=1,2 
AJ(I, J)=0. ODO 
AJINV(I, J)=O. ODO 
CONTINUE 
Adoption of coincident 
IF (IN. EQ. 1) THEN 
COORD(1,1)=COORDS(1,2) 
COORD(2,1)=COORDS(2,2) 
COORD(1,2)=COORDS(1,7) 
COORD(2,2)=COORDS(2,7) 
COORD(1,3)=COORDS(1,6) 
COORD (2,3) =COORDS (2,6) 
COORD(1,4)=COORDS(1,5) 
COORD(2,4)=COORDS(2,5) 
END IF 
Adoption of coincident 
IF (IN. EQ. 2) THEN 
COORD(1,1)=COORDS(1,3) 
COORD(2,1)=COORDS(2,3) 
COORD(1,2)=COORDS(1,2) 
COORD(2,2)=COORDS(2,2) 
COORD(1,3)=COORDS(1,5) 
COORD(2,3)=COORDS(2,5) 
COORD(1,4)=COORDS(1,4) 
COORD(2,4)=000RDS(2,4) 
END IF 
nodes (Right hand continuum element) 
nodes (Left hand continuum element) 
Adoption of displacement vector (Right hand continuum element) 
IF (IN. EQ. 1) THEN 
UP(1)=U(3) 
UP(2)=U(4) 
UP(3)=U(13) 
UP(4)=U(14) 
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UP(5)=U(11) 
UP(6)=U(12) 
UP (7) =U (9) 
UP(8)=U(10) 
END IF 
C 
C Adoption of displacement vector (Left hand continuum element) 
IF (IN. EQ. 2) THEN 
UP(1)=U(5) 
UP(2)=U(6) 
UP(3)=U(3) 
UP(4)=U(4) 
UP(5)=U(9) 
UP(6)=U(10) 
UP(7)=U(7) 
UP(8)=U(8) 
END IF 
C 
C Shape function derivatives in local co-ordinates 
ANXI(1)=(-0.25)*(1-ETA) 
ANXI(2)=(0.25)*(1-ETA) 
ANXI(3)=(0.25)*(1+ETA) 
ANXI(4)=(-0.25)*(1+ETA) 
C 
ANETA(1)=(-0.25)*(1-XI) 
ANETA(2)=(-0.25)*(1+XI) 
ANETA(3)=(0.25)*(1+XI) 
ANETA(4)=(0.25)*(1-XI) 
C 
C Jacobian matrix construction, AJ 
DO 10 J=1,2 
DO 20 I=1,4 
AJ(1, J)=AJ(1, J)+ANXI(I)*COORD(J, I) 
20 AJ(2, J)=AJ(2, J)+ANETA(I)*COORD(J, I) 
10 CONTINUE 
C 
C Inverse of Jacobian Matrix, AJINV 
DETJ=AJ(1,1)*AJ(2,2)-AJ(1,2)*AJ(2,1) 
AJINV(1,1)=AJ(2,2)/DETJ 
AJINV(1,2)=-AJ(1,2)/DETJ 
AJINV(2,1)=-AJ(2,1)/DETJ 
AJINV(2,2)=AJ(1,1)/DETJ 
C 
C B-matrix, calculation of matrix elements 
DO 30 I=1,4 
ANX(I)=AJINV(1,1)*ANXI(I)+AJINV(1,2)*ANETA(I) 
30 ANY(I)=AJINV(2,1)*ANXI(I)+AJINV(2,2)*ANETA(I) 
C 
C B-matrix, Construction 
BMAT (1,1) =ANX (1) 
BMAT (1,3) =ANX (2) 
BMAT (1,5) =ANX (3) 
BMAT(1,7)=ANX(4) 
C 
BMAT(2,2)=ANY(1) 
BMAT(2,4)=ANY(2) 
BMAT(2,6)=ANY(3) 
BMAT(2,8)=ANY(4) 
C 
BMAT(3,1)=BMAT(2,2) 
BMAT(3,2)-BMAT(1,1) 
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BMAT(3,3)=BMAT(2,4) 
BMAT(3,4)=BMAT(1,3) 
BMAT(3,5)=BMAT(2,6) 
BMAT (3,6) =BMAT (1,5) 
BMAT(3,7)=BMAT(2,8) 
BMAT(3,8)=BMAT(1,7) 
C 
PRINT *, '**BMAT**' 
PRINT 11, IN 
11 FORMAT ('**IN=', I2,1**') 
DO 13 I=1,3 
13 PRINT 12, (BMAT(I, J), J=1,8) 
12 FORMAT (2X, 8(E9.2, 'I')/) 
C 
C Calculation of strain components EPSI 
DO 40 I=1,3 
DO 50 J=1,8 
50 EPSI(I)=EPSI(I)+BMAT(I, J)*UP(J) 
IF (IN. EQ. 1) THEN 
EPSR(I)=EPSI(I) 
END IF 
IF (IN. EQ. 2) THEN 
EPSL(I)=EPSI(I) 
END IF 
40 CONTINUE 
100 CONTINUE 
PRINT **EPSR** **EPSL**' 
PRINT *ý . ******** ********' 
C 
C Calculating the required strain to detect the 
DO 408 I=1,3 
PRINT 14, EPSR(I), EPSL(I) 
408 CONTINUE 
14 FORMAT (2X, 2(E10.3,2X)/) 
IF (IP. EQ. 1) THEN 
ER=EPSR(2) 
END IF 
IF (IP. EQ. 2) THEN 
EL=EPSL(2) 
END IF 
101 CONTINUE 
EAV=0.5*(ER+EL) 
PRINT 15, ER, EL, EAV 
15 FORMAT (2X, 30('=')/2X, 'ER', 8X, 'EL', 8X, 'EAV'/ 
1 2X, 3(E10.3)/32('=')) 
C 
C Strain calculation ends here 
C r**********, r, r****, r**, r****, r** 
C Defining rupture element ERE7 starts here 
C Element properties 
AK1=PROPS(1) 
AK2=PROPS(2) 
STRAIN=PROPS(3) 
C 
C Matrix Initialisation 
DO 501 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 502 K=1, NDOFEL 
AMATRX(K, I)=0. ODO 
502 CONTINUE 
501 CONTINUE 
tripping condition 
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C 
C Stiffness matrix and right hand side vector 
IF (EAV. GT. STRAIN) GOTO 600 
AMATRX(2,2)=AK1 
AMATRX(4,4)=AK1 
AMATRX (2,4) =-AK1 
AMATRX(4,2)=-AK1 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
C 
C State dependent variables to update element force and displacement 
SVARS(1)=U(4) 
SVARS(2)=SVARS(1)*AK1 
C 
IF (EAV. LE. STRAIN) GOTO 500 
600 AMATRX(2,2)=AK2 
AMATRX (4,4) =AK2 
AMATRX(2,4)=-AK2 
AMATRX(4,2)=-AK2 
UO=SVARS(1) 
FO=SVARS(2) 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-U0) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-UO) 
RHS(2,1)=RHS(2,1)+F0 
RHS(4,1)=RHS(4,1)-FO 
C 
C Print Statements to control the solution process 
500 PRINT 995, U0, F0, SVARS(1), SVARS(2) 
PRINT 992 
PRINT 996, (RHS(I, 1), I=1,4) 
PRINT 991 
DO 503 L=1,4 
PRINT 997, (AMATRX(K, L), K=1,4) 
503 CONTINUE 
C 
991 FORMAT (5X, 'AMATRX*1/5X, '****'/) 
997 FORMAT (5X, 4E10.3/) 
992 FORMAT (5X, 'RHS*"1/5X, '****'/) 
995 FORMAT (5X, 'U0', 8X, 'FO', 8X, 'SVARS(1)', 8X, 'SVARS(2)'/ 
1 5X, 4(E10.3)/5X, 40('=')/) 
996 FORMAT (5X, E12.4/) 
C 
RETURN 
END 
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Appendix E: 
Strain calculation for 8-node quadrilateral elements 
C Routine: strain 8 
C Developed by S. Hadidimoud 
C This routine calculates nodal strains from displacements for a 
C 4-node quqdrilatqral element 
C 
DIMENSION BMAT(3,16), UP(16), ANXI(8), ANETA(8), ANX(8), ANY(8), 
1AJ(2,2), AJINV(2,2), EPSI(3), EPS1(3), EPS2(3), EPSAV(3) 
DIMENSION COORDS(2,8) 
DO 100 K=1,8 
C 
C Matrix initialisation 
DO 401 J=1,16 
UP(J)=0. ODO 
DO 402 I=1,3 
402 BMAT(I, J)=0. ODO 
401 CONTINUE 
DO 403 I=1,3 
EPSI(I)=0. ODO 
EPS1(I)=0. ODO 
EPS2(I)=0. ODO 
403 EPSAV(I)=0. OD0 
DO 404 I=1,8 
COORDS(1, I)=0. ODO 
COORDS(2, I)=0. ODO 
ANX(I)=0. ODO 
ANY(I)=0. ODO 
ANXI(I)=0. ODO 
404 ANETA(I)=O. ODO 
DO 405 I=1,2 
DO 406 J=1,2 
AJ(I, J)=O. ODO 
406 AJINV(I, J)=O. ODO 
405 CONTINUE 
C 
C Local co-ordinates (nodes) 
IF (K. EQ. 1) THEN 
XI=-1. 
ETA=-1. 
END IF 
C 
IF (K. EQ. 2) THEN 
XI=1. 
ETA=-1. 
END IF 
C 
IF (K. EQ. 3) THEN 
XI=1. 
ETA=1. 
END IF 
C 
IF (K. EQ. 4) THEN 
XI=-1. 
ETA=1. 
END IF 
C 
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C 
C 
C 
IF (K. EQ. 5) THEN 
XI=O. 
ETA=-1. 
END IF 
IF (K. EQ. 6) THEN 
XI=1. 
ETA=O. 
END IF 
IF (K. EQ. 7) THEN 
XI=O. 
ETA=1. 
END IF 
IF (K. EQ. 8) THEN 
XI=-1. 
ETA=O. 
END IF 
C 
C Shape function derivatives in local 
ANXI(1)=(0.25)*(1-ETA)*(2*XI+ETA) 
ANXI(2)=(0.25)*(1-ETA)*(2*XI-ETA) 
ANXI(3)=(0.25)*(1+ETA)*(2*XI+ETA) 
ANXI(4)=(0.25)*(1+ETA)*(2*XI-ETA) 
ANXI(5)=(1-ETA)*(-XI) 
ANXI(6)=(0.5)*(1-ETA**2) 
ANXI(7)=(1+ETA)*(-XI) 
ANXI(8)=(-0.5)*(1-ETA**2) 
C 
ANETA(1)=(0.25)*(1-XI)*(XI+2*ETA) 
ANETA(2)=(0.25)*(1+XI)*(-XI+2*ETA) 
ANETA(3)=(0.25)*(1+XI)*(XI+2*ETA) 
ANETA(4)=(0.25)*(1-XI)*(-XI+2*ETA) 
ANETA(5)=(-0.5)*(1-XI**2) 
ANETA(6)=(1+XI)*(-ETA) 
ANETA(7)=(0.5)*(1-XI**2) 
ANETA(8)=(1-XI)*(-ETA) 
C 
co-ordinates 
C Non zero co-ordinates on the element nodes 
COORDS(2,3)=0.15 
COORDS(2,4)=0.15 
COORDS(2,7)=0.15 
COORDS(2,6)=0.075 
COORDS(2,8)=0.075 
C 
COORDS(1,2)=0.2 
COORDS(1,3)=0.2 
COORDS(1,6)=0.2 
COORDS(1,5)=0.1 
COORDS(1,7)=0.1 
C 
C Jacobian matrix construction, AJ 
DO 10 J=1,2 
DO 20 I=1,8 
AJ(1, J)=AJ(1, J)+ANXI(I)*COORDS(J, I) 
20 AJ(2, J)=AJ(2, J)+ANETA(I)*COORDS(J, I) 
10 CONTINUE 
C 
C Inverse of Jacobian matrix, AJINV 
DETJ=AJ(1,1)*AJ(2,2)-AJ(1,2)*AJ(2,1) 
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AJINV(1,1)=AJ(2,2)/DETJ 
SAJINV(1,2)=-AJ(1,2)/DETJ 
AJINV(2,1)=-AJ(2,1)/DETJ 
AJINV(2,2)=AJ(1,1)/DETJ 
C 
C B-matrix, calculation of matrix elements 
DO 30 I=1,8 
ANX(I)=AJINV(1,1)*ANXI(I)+AJINV(1,2)*ANETA(I) 
30 ANY(I)=AJINV(2,1)*ANXI(I)+AJINV(2,2)*ANETA(I) 
C 
C B-matrix, Construction 
BMAT (1,1) =ANX (1) 
BMAT (1,3) =ANX (2) 
BMAT (1,5) =ANX (3) 
BMAT(1,7)=ANX(4) 
BMAT (1,9) =ANX (5) 
BMAT(1,11)=ANX(6) 
BMAT(1,13)=ANX(7) 
BMAT(1,15)=ANX(8) 
C 
BMAT(2,2)=ANY(1) 
BMAT(2,4)=ANY(2) 
BMAT (2,6) =ANY (3) 
BMAT (2,8) =ANY (4) 
BMAT(2,10)=ANY(5) 
BMAT(2,12)=ANY(6) 
BMAT(2,14)=ANY(7) 
BMAT(2,16)=ANY(8) 
C 
BMAT(3,1)=BMAT(2,2) 
BMAT(3,2)=BMAT(1,1) 
BMAT(3,3)=BMAT(2,4) 
BMAT(3,4)=BMAT(1,3) 
BMAT(3,5)=BMAT(2,6) 
BMAT (3,6) =BMAT (1,5) 
BMAT(3,7)=BMAT(2,8) 
BMAT(3,8)=BMAT(1,7) 
BMAT(3,9)=BMAT(2,8) 
BMAT (3,10) =BMAT (1,9) 
BMAT(3,11)=BMAT(2,12) 
BMAT(3,12)=BMAT(1,11) 
BMAT(3,13)=BMAT(2,14) 
BMAT(3,14)=BMAT(1,13) 
BMAT(3,15)=BMAT(2,16) 
BMAT(3,16)=BMAT(1,15) 
C 
C Displacement vector (nodal) 
C 
C Plane strain option 
C UP(1)-0. 
C UP(2)=O. 
C UP(3)=2.0914E-04 
C UP(4)=6.9398E-04 
C UP(5)=-3.6892E-04 
C UP(6)-8.3244E-04 
C UP(7)=0. 
C UP(8)a1.3846E-04 
C UP(9)-1.4578E-04 
C UP(10)-3.2401E-04 
C UP(11)=-4.6510E-05 
C UP(12)-7.3047E-04 
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C UP(13)=-2.2567E-04 
C UP(14)=3.1575E-04 
C UP(15)=-3.3383E-05 
C UP(16)=3.1210E-05 
C 
C Plane stress option 
UP(1)=0. 
UP(2)=0. 
UP(3)=2.2682E-04 
UP(4)=8.1756E-04 
UP(5)=-4.5810E-04 
UP(6)=1.0309E-03 
UP(7)=0. 
UP(8)=2.1329E-04 
UP(9)=1.7271E-04 
UP(10)=4.1848E-04 
UP(11)=-4.7933E-05 
UP(12)=8.8635E-04 
UP(13)=-2.8835E-04 
UP(14)=3.8407E-04 
UP(15)=-6.7708E-05 
UP(16)=9.3775E-05 
C 
C Calculation of strain components EPSI 
DO-40 I=1,3 
DO 50 J=1,16 
50 EPSI(I)=EPSI(I)+BMAT(I, J)*UP(J) 
PRINT 14, EPSI(I) 
40 CONTINUE 
14 FORMAT (2X, E10.3/) 
C 
100 CONTINUE 
C 
END 
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Appendix F: 
User element ERE14 (no unloading) 
C User element ERE14- no-softening 
C Developed by S. Hadidimoud 
C This subroutine defines a "strain tripped rupture element" that 
C can be integrated into a continuum modelled with 8-node 
C quadrilateral elements 
C This subroutine is called by the ABAQUS finite element code 
C 
SUBROUTINE UEL (RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTY P, ADLMAG, PRE DE F, N PRE D F, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
C 
INCLUDE 'ABA_PARAM. INC' 
C 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY(8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C 
DIMENSION GMAT(3,16), UP(16), ANXI(8), ANETA(8), ANX(8), ANY(8), 
1AJ(2,2), AJINV(2,2), EPSI(3), EPSR(3), EPSL(3), 
2UPI(16), EPSII(3), EPSRI(3), EPSLI(3) 
C DIMENSION EPSAV(3), EPSAVI(3) 
DIMENSION COORD(2,8) 
C 
DOUBLE PRECISION DETJ 
C 
C Strain calcul ation 
C Local co-ordi nates 
DO 101 IP=1,8 
IF (IP. EQ. 1) THEN 
XI=-1. 
ETA=-1. 
END IF 
C 
IF (IP. EQ. 2) THEN 
XI=1. 
ETA=-1. 
END IF 
C 
IF (IP. EQ. 3) THEN 
XI=1. 
ETA=1. 
END IF 
C 
IF (IP. EQ. 4) THEN 
XI=-1. 
ETA=1. 
END IF 
C 
IF (IP. EQ. 5) THEN 
XI=O. 
ETA=-1. 
END IF 
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C 
C 
C 
C 
C 
C 
C 
402 
401 
C 
403 
404 
406 
405 
C 
C 
IF (IP. EQ. 6) THEN 
XI=1. 
ETA=O. 
END IF 
IF (IP. EQ. 7) THEN 
XI=O. 
ETA=1. 
END IF 
IF (IP. EQ. 8) THEN 
XI=-1. 
ETA=O. 
END IF 
Loop for adjacent continuum elements to the rupture element 
DO 100 IN=1,2 
Matrix Initialisation 
F0=0. ODO 
U0=0. ODO 
FRAC=0. ODO 
DO 401 J=1,16 
UP(J)=0. ODO 
UPI(J)=O. ODO 
DO 402 I=1,3 
BMAT (I, J) =0. ODO 
CONTINUE 
DO 403 I=1,3 
EPSI(I)=0. ODO 
EPSII(I)=0. ODO 
IF (IN. EQ. 1) THEN 
EPSR(I)=0. ODO 
EPSRI(I)=0. ODO 
END IF 
IF (IN. EQ. 2) THEN 
EPSL(I)=0. ODO 
EPSLI(I)=0. ODO 
END IF 
EPSAV(I)=0. ODO 
CONTINUE 
DO 404 I=1,8 
COORD(1, I)=0. ODO 
COORD(2, I)=0. ODO 
ANX(I)=0. ODO 
ANY(I)=0. ODO 
ANXI(I)=0. ODO 
ANETA(I)=0. ODO 
DO 405 I=1,2 
DO 406 J=1,2 
AJ(I, J)=0.0DO 
AJINV(I, J)=0. ODO 
CONTINUE 
Adoption of coincident nodes (Right hand continuum element) 
IF (IN. EQ. 1) THEN 
COORD(1,1)=COORDS(1,2) 
COORD(2,1)=COORDS(2,2) 
COORD(1,2)-COORDS(1,12) 
COORD(2,2)=COORDS(2,12) 
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COORD(1,3)=COORDS(1,10) 
COORD(2,3)=COORDS(2,10) 
COORD(1,4)=COORDS(1,8) 
COORD(2,4)=COORDS(2,8) 
COORD(1,5)=COORDS(1,13) 
COORD(2,5)=COORDS(2,13) 
COORD(1,6)=COORDS(1,11) 
COORD(2,6)=COORDS(2,11) 
COORD(1,7)=COORDS(1,9) 
COORD(2,7)=COORDS(2,9) 
COORD(1,8)=COORDS(1,14) 
COORD(2,8)=COORDS(2,14) 
END IF 
C 
C Adoption of coincident nodes (Left hand continuum element) 
IF (IN. EQ. 2) THEN 
COORD(1,1)=COORDS(1,4) 
COORD(2,1)=COORDS(2,4) 
COORD(1,2)=COORDS(1,2) 
COORD(2,2)=COORDS(2,2) 
COORD(1,3)=C00RDS(1,8) 
COORD(2,3)=000RDS(2,8) 
COORD(1,4)=COORDS(1,6) 
COORD(2,4)=COORDS(2,6) 
COORD(1,5)=COORDS(1,3) 
COORD(2,5)=COORDS(2,3) 
COORD(1,6)=COORDS(1,14) 
COORD(2,6)=COORDS(2,14) 
COORD(1,7)=COORDS(1,7) 
COORD(2,7)=COORDS(2,7) 
COORD(1,8)=COORDS(1,5) 
COORD(2,8)=000RDS(2,5) 
END IF 
C 
C Adoption of displacement vector (Right hand continuum element) 
IF (IN. EQ. 1) THEN 
UP(1)=U(3) 
UP(2)=U(4) 
UP(3)=U(23) 
UP(4)=U(24) 
UP(5)=U(19) 
UP(6)=U(20) 
UP(7)=U(15) 
UP(8)=U(16) 
UP(9)=U(25) 
UP(10)=U(26) 
UP(11)=U(21) 
UP(12)=U(22) 
UP(13)=U(17) 
UP(14)=U(18) 
UP(15)=U(27) 
UP(16)=U(28) 
UPI(1)=U(3)-DU(3,1) 
UPI(2)=U(4)-DU(4,1) 
UPI(3)=U(23)-DU(23,1) 
UPI(4)=U(24)-DU(24,1) 
UPI(5)=U(19)-DU(19,1) 
UPI (6)=U(20)-DU(20,1) 
UPI(7)=U(15)-DU(15,1) 
UPI (8)=U(16)-DU(16,1) 
UPI(9)=U(25)-DU(25,1) 
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UPI(10)=U(26)-DU(26,1) 
UPI(11)=U(21)-DU(21,1) 
UPI(12)=U(22)-DU(22,1) 
UPI(13)=U(17)-DU(17,1) 
UPI(14)=U(18)-DU(18,1) 
UPI(15)=U(27)-DU(27,1) 
UPI(16)=U(28)-DU(28,1) 
END IF 
C 
C Adoption of displacement vector (Left hand continuum element) 
IF (IN. EQ. 2) THEN 
UP(1)=U(7) 
UP(2)=U(8) 
UP(3)=U(3) 
UP(4)=U(4) 
UP(5)=U(15) 
UP(6)=U(16) 
UP(7)=U(11) 
UP(8)=U(12) 
UP(9)=U(5) 
UP(10)=U(6) 
UP(11)=U(27) 
UP(12)=U(28) 
UP(13)=U(13) 
UP(14)=U(14) 
UP(15)=U(9) 
UP(16)=U(10) 
UPI (1)=U(7)-DU(7,1) 
UPI (2)=U(8)-DU(8,1) 
UPI(3)=U(3)-DU(3,1) 
UPI(4)=U(4)-DU(4,1) 
UPI(5)=U(15)-DU(15,1) 
UPI (6)=U(16) -DU(16,1) 
UPI(7)=U(11)-DU(11,1) 
UPI(8)=U(12)-DU(12,1) 
UPI(9)=U(5)-DU(5,1) 
UPI(10)=U(6)-DU(6,1) 
UPI(11)=U(27)-DU(27,1) 
UPI(12)=U(28)-DU(28,1) 
UPI(13)=U(13)-DU(13,1) 
UPI(14)=U(14)-DU(14,1) 
UPI(15)=U(9)-DU(9,1) 
UPI (16) =U (10) -DU (10,1) 
END IF 
C 
C Shape function derivatives in local co-ordinates 
ANXI(1)=(0.25)*(1-ETA)*(2*XI+ETA) 
ANXI(2)=(0.25)*(1-ETA)*(2*XI-ETA) 
ANXI(3)=(0.25)*(1+ETA)*(2*XI+ETA) 
ANXI(4)=(0.25)*(1+ETA)*(2*XI-ETA) 
ANXI(5)=(1-ETA)*(-XI) 
ANXI(6)=(0.5)*(1-ETA**2) 
ANXI(7)=(1+ETA)*(-XI) 
ANXI(8)=(-0.5)*(1-ETA**2) 
C 
ANETA(1)=(0.25)*(1-XI)* 
ANETA(2)=(0.25)*(1+XI)* 
ANETA(3)=(0.25)*(1+XI)* 
ANETA(4)=(0.25)*(1-XI)* 
ANETA(5)=(-0.5)*(1-XI** 
ANETA(6)=(1+XI)*(-ETA) 
(XI+2*ETA) 
(-XI+2*ETA 
(XI+2*ETA) 
(-XI+2*ETA 
2) 
171 
Appendices 
ANETA(7)=(0.5)*(1-XI**2) 
ANETA(8)=(1-XI)*(-ETA) 
C 
C Jacobian matrix construction, AJ 
DO 10 J=1,2 
DO 20 I=1,8 
AJ(1, J)=AJ(1, J)+ANXI(I)*COORD(J, I) 
20 AJ(2, J)=AJ(2, J)+ANETA(I)*COORD(J, I) 
10 CONTINUE 
C 
C Inverse of Jacobian Matrix, AJINV 
DETJ=AJ(1,1)*AJ(2,2)-AJ(1,2)*AJ(2,1) 
AJINV(1,1)=AJ(2,2)/DETJ 
AJINV(1,2)=-AJ(1,2)/DETJ 
AJINV(2,1)=-AJ(2,1)/DETJ 
AJINV(2,2)=AJ(1,1)/DETJ 
C 
C B-matrix, calculation of matrix elements 
DO 30 I=1,8 
ANX(I)=AJINV(1,1)*ANXI(I)+AJINV(1,2)*ANETA(I) 
30 ANY(I)=AJINV(2,1)*ANXI(I)+AJINV(2,2)*ANETA(I) 
C 
C B-matrix, Construction 
BMAT (1,1) =ANX (1) 
BMAT (1,3) =ANX (2) 
BMAT(1,5)=ANX(3) 
BMAT(1,7)=ANX(4) 
BMAT (1,9) =ANX (5) 
BMAT (1,11) =ANX (6) 
BMAT(1,13)=ANX(7) 
BMAT(1,15)=ANX(8) 
C 
C 
BMAT(2,2)=ANY(1) 
BMAT(2,4)=ANY(2) 
BMAT(2,6)=ANY(3) 
BMAT(2,8)=ANY(4) 
BMAT(2,10)=ANY(5) 
BMAT(2,12)=ANY(6) 
BMAT(2,14)=ANY(7) 
BMAT(2,16)=ANY(8) 
BMAT(3,1)=BMAT(2,2) 
BMAT(3,2)=BMAT(1,1) 
BMAT(3,3)=BMAT(2,4) 
BMAT(3,4)=BMAT(1,3) 
BMAT(3,5)=BMAT(2,6) 
BMAT(3,6)=BMAT(1,5) 
BMAT(3,7)=BMAT(2,8) 
BMAT(3,8)=BMAT(1,7) 
BMAT(3,9)=BMAT(2,10) 
BMAT (3,10) =BMAT (1,9) 
BLNAT(3,11)=BMAT(2,12) 
BMAT(3,12)=BMAT(1,11) 
BMAT(3,13)=BMAT(2,14) 
BMAT(3,14)=BMAT(1,13) 
BMAT(3,15)=BMAT(2,16) 
BMAT(3,16)=BMAT(1,15) 
C 
C Calculation of strain components EPSI 
DO 40 I=1,3 
DO 50 J=1,16 
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EPSII(I)=EPSII(I)+BMAT(I, J)*UPI(J) 
50 EPSI(I)=EPSI(I)+BMAT(I, J)*UP(J) 
IF (IN. EQ. 1) THEN 
EPSRI(I)=EPSII(I) 
EPSR(I)=EPSI(I) 
END IF 
IF (IN. EQ. 2) THEN 
EPSLI(I)=EPSII(I) 
EPSL(I)=EPSI(I) 
END IF 
40 CONTINUE 
100 CONTINUE 
C 
C Calculating the required strain to detect the tripping condition 
IF (IP. EQ. 1) THEN 
ERI=EPSRI(2) 
ER=EPSR(2) 
END IF 
IF (IP. EQ. 2) THEN 
ELI=EPSLI(2) 
EL=EPSL(2) 
END IF 
101 CONTINUE 
EAVI=0.5*(ERI+ELI) 
EAV=0.5*(ER+EL) 
PRINT 15, ERI, ELI, EAVI, ER, EL, EAV 
15 FORMAT (2X, 30('=')/2X, 'ER', 8X, 'EL', BX, 'EAV'/ 
1 2X, 3(E10.3)/2X, 3(E10.3)/32('=')) 
C 
C Strain calculation ends here 
C ************, r*************** 
C Defining rupture element ERE14 starts here 
C Element properties 
AK1=PROPS(1) 
AK2=PROPS (2 ) 
STRAIN=PROPS(3) 
C 
C Matrix Initialisation 
DO 501 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 502 K=1, NDOFEL 
AMATRX(K, I)=0. ODO 
502 CONTINUE 
501 CONTINUE 
C 
C check to detect the phase and set the appropriate stiffness 
C check for change of phase (tripping) 
IF (KINC. NE. 1. AND. KINC. NE. SVARS(3) 
1. AND. SVARS(4). LT. 0.5. AND. SVARS(5). GT. 0.5D+00) THEN 
SVARS(4) =1 
print *, "STATE CHANGE (1 TO 2)", JELEM, KINC-1 
END IF 
C check for tripped phase 
IF (SVARS(4). GT. 0.5D+00) THEN 
print *, "STATE 2 (TRIPPED)", JELEM, KINC 
AK=AK2 
C 
C Stiffness matrix 
AMATRX (2,2) =AK 
AMATRX(4,4)=AK 
173 
Appendices 
AMATRX (2,4) =-AK 
AMATRX(4,2)=-AK 
C 
C State dependent variables to update element force and displacement 
UO=SVARS(1) 
FO=SVARS(2) 
C 
C Right hand side vector 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-UO)+F0 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-UO)-FO 
C 
ELSE 
C 
C check for loading phase 
IF (EAV. LT. STRAIN)THEN 
print *, "STATE 1 (STIFF)", JELEM, KINC 
AK=AK1 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) =AK 
AMATRX (4,4) =AK 
AMATRX (2,4) =-AK 
AMATRX (4,2) =-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
C 
C State dependent variables to update element force and displacement 
SVARS(1)=U(4) 
SVARS(2)=SVARS(1)*AK1 
END IF 
C 
C check for change of phase again! (tripping) 
IF (EAV. GT. STRAIN) THEN 
print *, "TRANSITION (1 TO 2)", JELEM, KINC 
FRAC=(STRAIN-EAVI)/(EAV-EAVI) 
AK=FRAC*AK1+(1-FRAC)*AK2 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) =AK 
AMATRX (4,4) =AK 
AMATRX (2,4) =-AK 
AMATRX(4,2)=-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*DU(4,1) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*DU(4,1) 
RHS(2,1)=RHS(2,1)+AK1*(U(4)-DU(4,1)) 
RHS(4,1)=RHS(4,1)-AK1*(U(4)-DU(4,1)) 
C 
C State dependent variables to update element force and displacement 
SVARS(1)=SVARS(1)+FRAC*DU(4,1) 
SVARS(2)=SVARS(1)*AK1 
SVARS(3)=KINC 
SVARS(5)=1.0 
END IF 
C 
END IF 
C 
C Print Statement to control the solution process 
PRINT 991, U0, F0, SVARS(1), SVARS(2) 
991 FORMAT (5X, 'UO', 8X, 'F0', 8X, 'SVARS(1)', 8X, 'SVARS(2)'/ 
15X, 4(E10.3)/5X, 40('=')/) 
C 
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RETURN 
END 
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Appendix G: 
User element ERE14 (energy based unloading) 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
User element ERE14 (unloading) 
Developed by S. Hadidimoud 
This subroutine defines a "strain tripped rupture element" that 
can be integrated into a continuum modelled with 8-node 
quadrilateral elements 
This subroutine is called by the ABAQUS finite element code 
SUBROUTINE UEL (RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTY P, ADLMAG, PRE DE F, N PRE D F, L FLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
INCLUDE 'ABA PARAM. INC' 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY (8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
DIMENSION BMAT(3,16), UP(16), ANXI(8), ANETA(8), ANX(8), ANY(8), 
1AJ(2,2), AJINV(2,2), EPSI(3), EPSR(3), EPSL(3), 
2UPI(16), EPSII(3), EPSRI(3), EPSLI(3) 
DIMENSION COORD(2,8) 
DOUBLE PRECISION DETJ, FOO 
Strain calculation 
Local co-ordinates 
DO 101 IP=1,8 
IF (IP. EQ. 1) THEN 
XI=-1. 
ETA=-1. 
END IF 
IF (IP. EQ. 2) THEN 
XI=1. 
ETA=-1. 
END IF 
IF (IP. EQ. 3) THEN 
XI=1. 
ETA=1. 
END IF 
IF (IP. EQ. 4) THEN 
XI=-1. 
ETA=1. 
END IF 
IF (IP. EQ. 5) THEN 
XI=O. 
ETA=-1. 
END IF 
routine starts here 
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C 
IF (IP. EQ. 6) THEN 
XI=1. 
ETA=O. 
END IF 
C 
IF (IP. EQ. 7) THEN 
XI=O. 
ETA=1. 
END IF 
C 
IF (IP. EQ. 8) THEN 
XI=-1. 
ETA=O. 
END IF 
C 
C Loop for adjacent continuum elements to the rupture element 
DO 100 IN=1,2 
C 
C Matrix Initialisation 
F0=0. ODO 
UO=O. ODO 
F00=0. ODO 
U00=0. ODO 
FRAC=0. ODO 
FRAC2=0. ODO 
UR=O. ODO 
AK2=0. ODO 
DO 401 J=1,16 
UP(J)=O. ODO 
UPI(J)=O. ODO 
DO 402 I=1,3 
402 BMAT(I, J)=O. ODO 
401 CONTINUE 
DO 403 I=1,3 
EPSI(I)=0. ODO 
EPSII(I)=0. ODO 
IF (IN. EQ. 1) THEN 
EPSR(I)=O. ODO 
EPSRI(I)=0. ODO 
END IF 
IF (IN. EQ. 2) THEN 
EPSL(I)=O. ODO 
EPSLI(I)=O. ODO 
END IF 
403 CONTINUE 
DO 404 I=1,8 
COORD(1, I)=O. ODO 
COORD(2, I)=O. ODO 
ANX(I)=O. ODO 
ANY(I)=0. ODO 
ANXI(I)=O. ODO 
404 ANETA(I)=O. ODO 
DO 405 I=1,2 
DO 406 J=1,2 
AJ(I, J)=O. ODO 
406 AJINV(I, J)=O. ODO 
405 CONTINUE 
C 
C Adoption of coincident nodes (Right hand continuum element) 
IF (IN. EQ. 1) THEN 
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COORD(1,1)=COORDS(1,2) 
COORD(2,1)=COORDS(2,2) 
COORD(1,2)=COORDS(1,12) 
COORD(2,2)=COORDS(2,12) 
COORD(1,3)=COORDS(1,10) 
COORD(2,3)=COORDS(2,10) 
COORD(1,4)=COORDS(1,8) 
COORD(2,4)=COORDS(2,8) 
COORD(1,5)=COORDS(1,13) 
COORD(2,5)=COORDS(2,13) 
COORD(1,6)=COORDS(1,11) 
COORD(2,6)=COORDS(2,11) 
COORD(1,7)=COORDS(1,9) 
COORD (2,7) =COORDS (2,9) 
COORD(1,8)=COORDS(1,14) 
COORD(2,8)=COORDS(2,14) 
END IF 
C 
C Adoption of coincident nodes (Left hand continuum element) 
IF (IN. EQ. 2) THEN 
COORD(1,1)=COORDS(1,4) 
COORD(2,1)=COORDS(2,4) 
COORD(1,2)=COORDS(1,2) 
COORD(2,2)=COORDS(2,2) 
COORD(1,3)=COORDS(1,8) 
COORD(2,3)=COORDS(2,8) 
COORD(1,4)=COORDS(1,6) 
COORD(2,4)=COORDS(2,6) 
COORD(1,5)=COORDS(1,3) 
COORD(2,5)=COORDS(2,3) 
COORD(1,6)=COORDS(1,14) 
COORD(2,6)=COORDS(2,14) 
COORD(1,7)=COORDS(1,7) 
COORD(2,7)=COORDS(2,7) 
COORD(1,8)=COORDS(1,5) 
COORD(2,8)=COORDS(2,5) 
END IF 
C 
C Adoption of displacement vector (Right hand continuum element) 
IF (IN. EQ. 1) THEN 
UP(1)=U(3) 
UP(2)=U(4) 
UP(3)=U(23) 
UP(4)=U(24) 
UP(5)=U(19) 
UP(6)=U(20) 
UP(7)=U(15) 
UP(8)=U(16) 
UP(9)=U(25) 
UP(10)=U(26) 
UP(11)=U(21) 
UP(12)=U(22) 
UP(13)=U(17) 
UP(14)=U(18) 
UP(15)=U(27) 
UP(16)=U(28) 
UPI(1)=U(3)-DU(3,1) 
UPI(2)=U(4)-DU(4,1) 
UPI(3)=U(23)-DU(23,1) 
UPI(4)=U(24)-DU(24,1) 
UPI(5)=U(19)-DU(19,1) 
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UPI(6)=U(20)-DU(20,1) 
UPI(7)=U(15)-DU(15,1) 
UPI(8)=U(16)-DU(16,1) 
UPI(9)=U(25)-DU(25,1) 
UPI (10) =U (26) -DU (26,1) 
UPI(11)=U(21)-DU(21,1) 
UPI(12)=U(22)-DU(22,1) 
UPI(13)=U(17)-DU(17,1) 
UPI(14)=U(18)-DU(18,1) 
UPI(15)=U(27)-DU(27,1) 
UPI(16)=U(28)-DU(28,1) 
END IF 
C. 
C Adoption of displacement vector (Left hand continuum element) 
IF (IN. EQ. 2) THEN 
UP(1)=U(7) 
UP(2)=U(8) 
UP(3)=U(3) 
UP(4)=U(4) 
UP(5)=U(15) 
UP(6)=U(16) 
UP(7)=U(11) 
UP(8)=U(12) 
UP(9)=U(5) 
UP(10)=U(6) 
UP(11)=U(27) 
UP(12)=U(28) 
UP(13)=U(13) 
UP(14)=U(14) 
UP(15)=U(9) 
UP(16)=U(10) 
UPI(1)=U(7)-DU(7,1) 
UPI(2)=U(8)-DU(8,1) 
UPI(3)=U(3)-DU(3,1) 
UPI(4)=U(4)-DU(4,1) 
UPI(5)=U(15)-DU(15,1) 
UPI(6)=U(16)-DU(16,1) 
UPI(7)=U(11)-DU(11,1) 
UPI(8)=U(12)-DU(12,1) 
UPI(9)=U(5)-DU(5,1) 
UPI(10)=U(6)-DU(6,1) 
UPI(11)=U(27)-DU(27,1) 
UPI(12)=U(28)-DU(28,1) 
UPI(13)=U(13)-DU(13,1) 
UPI(14)=U(14)-DU(14,1) 
UPI (15)=U(9)-DU(9,1) 
UPI (16)=U(10)-DU(10,1) 
END IF 
C 
C Shape function derivatives in local co-ordinates 
ANXI(1)a(0.25)*(1-ETA)*(2*XI+ETA) 
ANXI(2)=(0.25)*(1-ETA)*(2*XI-ETA) 
ANXI(3)=(0.25)*(1+ETA)*(2*XI+ETA) 
ANXI(4)=(0.25)*(1+ETA)*(2*XI-ETA) 
ANXI(5)=(1-ETA)*(-XI) 
ANXI(6)=(0.5)*(1-ETA**2) 
ANXI(7)=(1+ETA)*(-XI) 
ANXI(8)=(-0.5)*(1-ETA**2) 
C 
ANETA(1).. (0.25)*(1-XI)*(XI+2*ETA) 
ANETA(2)=(0.25)*(1+XI)*(-XI+2*ETA) 
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ANETA(3)=(0.25)*(1+XI)*(XI+2*ETA) 
ANETA(4)=(0.25)*(1-XI)*(-XI+2*ETA) 
ANETA(5)=(-0.5)*(1-XI**2) 
ANETA(6)=(1+XI)*(-ETA) 
ANETA(7)=(0.5)*(1-XI**2) 
ANETA(8)=(1-XI)*(-ETA) 
C 
C Jacobian matrix construction, AJ 
DO 10 J=1,2 
DO 20 I=1,8 
AJ(1, J)=AJ(1, J)+ANXI(I)*COORD(J, I) 
20 AJ(2, J)=AJ(2, J)+ANETA(I)*COORD(J, I) 
10 CONTINUE 
C 
C Inverse of Jacobian Matrix, AJINV 
DETJ=AJ(1,1)*AJ(2,2)-AJ(1,2)*AJ(2,1) 
AJINV(1,1)=AJ(2,2)/DETJ 
AJINV(1,2)=-AJ(1,2)/DETJ 
AJINV(2,1)=-AJ(2,1)/DETJ 
AJINV(2,2)=AJ(1,1)/DETJ 
C 
C B-matrix, calculation of matrix elements 
DO 30 I=1,8 
ANX(I)=AJINV(1,1)*ANXI(I)+AJINV(1,2)*ANETA(I) 
30 ANY(I)=AJINV(2,1)*ANXI(I)+AJINV(2,2)*ANETA(I) 
C 
C B-matrix, Construction 
BMAT (1,1) =ANX (1) 
BMAT(1,3)=ANX(2) 
BMAT (1,5) =ANX (3) 
BMAT(1,7)=ANX(4) 
BMAT (1,9) =ANX (5) 
BMAT (1,11) =ANX (6) 
BMAT(1,13)=ANX(7) 
BMAT(1,15)=ANX(8) 
C 
BMAT (2,2) =ANY (1) 
BMAT (2,4) =ANY (2) 
BMAT(2,6)=ANY(3) 
BMAT(2,8)=ANY(4) 
BMAT(2,10)=ANY(5) 
BMAT(2,12)=ANY(6) 
BMAT (2,14) =ANY (7) 
BMAT (2,16) =ANY (8) 
C 
BMAT(3,1)=BMAT(2,2) 
BMAT(3,2)=BMAT(1,1) 
BMAT(3,3)=BMAT(2,4) 
BMAT(3,4)=BMAT(1,3) 
BMAT (3,5) =BMAT (2,6) 
BMAT (3,6) =BMAT (1,5) 
BMAT(3,7)=BMAT(2,8) 
BMAT(3,8)=BMAT(1,7) 
BMAT(3,9)=BMAT(2,10) 
BMAT(3,10)=BMAT(1,9) 
BMAT(3,11)=BMAT(2,12) 
BMAT(3,12)=BMAT(1,11) 
BMAT(3,13)-BMAT(2,14) 
BMAT(3,14)=BMAT(1,13) 
BMAT(3,15)=BMAT(2,16) 
BMAT(3,16)-BMAT(1,15) 
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C 
C Calculation of strain components EPSI 
DO 40 I=1,3 
DO 50 J=1,16 
EPSII (I) =EPSII (I) +BMAT (I, J) *UPI (J) 
50 EPSI(I)=EPSI(I)+BMAT(I, J)*UP(J) 
IF (IN. EQ. 1) THEN 
EPSRI(I)=EPSII(I) 
EPSR(I)=EPSI(I) 
END IF 
IF (IN. EQ. 2) THEN 
EPSLI(I)=EPSII(I) 
EPSL(I)=EPSI(I) 
END IF 
40 CONTINUE 
100 CONTINUE 
C 
C Calculating the required strain to detect the tripping condition 
IF (IP. EQ. 1) THEN 
ERI=EPSRI(2) 
ER=EPSR(2) 
END IF 
IF (IP. EQ. 2) THEN 
ELI=EPSLI (2) 
EL=EPSL(2) 
END IF 
101 CONTINUE 
EAVI=0.5*(ERI+ELI) 
EAV=0.5*(ER+EL) 
PRINT 15, ERI, ELI, EAVI, ER, EL, EAV 
15 FORMAT (2X, 30('=')/2X, 'ER', 8X, 'EL', 8X, 'EAV'/ 
1 2X, 3(E10.3)/2X, 3(E10.3)/32('-')) 
C 
C Strain calculation ends here 
C ***** r****, r***, r****, r***** 
C Defining rupture element ERE14 starts here 
C Element properties 
AK1=PROPS (1) 
AK3=PROPS (2) 
STRAIN=PROPS(3) 
GENERG=PROPS(4) 
ELEML=PROPS(5) 
ELEMT=PROPS(6) 
C 
C Matrix Initialisation 
DO 501 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 502 K-1, NDOFEL 
AMATRX(K, I)=0. ODO 
502 CONTINUE 
501 CONTINUE 
C 
C check to detect the phase and set the appropriate stiffness 
C check for unloading phase (tripped? ) 
if (KINC. NE. 1. AND. SVARS(9). GT. 0.5 
1. AND. KINC. GT. SVARS(6)) THEN 
C 
C State dependent variables defined 
UO=SVARS(1) 
F0=SVARS(2) 
COEFF=(1. E-03)*ELEML*ELEMT*GENERG 
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UR=COEFF/FO 
AK2=(-1. )*FO/(UR-UO) 
C 
C check for release phase 
IF (SVARS(10). GT. 0.5. AND. KINC. GT. SVARS(7)) THEN 
print *, "RELEASED (3)", JELEM, KINC 
C 
C State dependent variables defined 
U00=SVARS(4) 
F00=SVARS(5) 
AK=AK3 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) =AK 
AMATRX(4,4)=AK 
AMATRX (2,4) =-AK 
AMATRX(4,2)=-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-U00)+F00 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-U00)-F00 
C 
ELSE 
C 
C check for unloading phase 
IF (U(4). LT. UR) THEN 
print *, "STILL SOFT(2)", JELEM, KINC 
AK=AK2 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) =AK 
AMATRX(4,4)=AK 
AMATRX(2,4)=-AK 
AMATRX(4,2)=-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-UO)+FO 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-UO)-FO 
C 
C State dependent variables to update element force and displacement 
SVARS (4) =U (4) 
SVARS(5)=F0+(SVARS(4)-UO)*AK2 
END IF 
C 
C check for change of phase (unloading-release) 
IF (U(4). GT. UR) THEN 
print *, "RELEASE NOW(2-3)", JELEM, KINC 
FRAC2=(UR-(U(4)-DU(4,1)))/DU(4,1) 
AK=FRAC2*AK2+(1-FRAC2)*AK3 
print *, "FRAC2", FRAC2, "AK2-3", AK 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) -AK 
AMATRX(4,4)=AK 
AMATRX (2,4) --AK 
AMATRX (4,2) --AK 
RHS(2,1)-RHS(2,1)-AMATRX(2,4)*DU(4,1) 
RHS(4,1)-RHS(4,1)-AMATRX(4,4)*DU(4,1) 
RHS(2,1)-RHS(2,1)+AK2*(U(4)-UO-DU(4,1))+FO 
RHS(4,1)-RHS(4,1)-AK2*(U(4)-UO-DU(4,1))-FO 
C 
C State dependent variables to update element force and displacement 
SVARS(4). SVARS(4)+FRAC2*DU(4,1) 
SVARS(5)-FO+(SVARS(4)-UO)*AK2 
C 
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C State dependent variables used as control flags 
SVARS(7)=KINC 
SVARS(10)=1. 
END IF 
C 
END IF 
C 
else 
C 
C check for unloading phase (tripped? ) 
IF (KINC. NE. 1. AND. SVARS(8). GT. O. 5 
1 . AND. KINC. GT. SVARS(3)) THEN 
print *, "JUST SOFT(2)", JELEM, KINC 
UO=SVARS(1) 
FO=SVARS(2) 
COEFF=(1. E-03)*ELEML*ELEMT*GENERG 
UR=COEFF/FO 
AK2=(-1. )*FO/(UR-UO) 
AK=AK2 
C 
C Stiffness matrix and right hand side vector 
AMATRX(2,2)=AK 
AMATRX(4,4)=AK 
AMATRX(2,4)=-AK 
AMATRX (4,2) =-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*(U(4)-UO)+FO 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-UO)-FO 
C 
C State dependent variables to update element force and displacement 
SVARS(4)=U(4) 
SVARS(5)a(SVARS(4)-UO)*AK2+F0 
C 
C State dependent variables used as control flags 
SVARS(6)=KINC 
SVARS(9)=1. 
C 
C 
ELSE 
C check for loading phase 
IF (EAV. LT. STRAIN) THEN 
print *, "STIFF", JELEM, KINC 
C 
C Stiffness matrix and right hand side vector 
AMATRX(2,2)-AK1 
AMATRX(4,4)-AK1 
AMATRX(2,4)--AK1 
AMATRX(4,2)--AK1 
RHS(2,1)-RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)_RHS(4,1)-AMATRX(4,4)*U(4) 
C 
C State dependent variables to update element force and displacement 
SVARS(1)=U(4) 
SVARS(2)-SVARS(1)*AK1 
END IF 
C 
C check for change of phase (loading-unloading) 
IF (EAV. GT. STRAIN) THEN 
print *, "SOFTEN NOW(1-2)", JELEM, KINC 
FRAC-(STRAIN-EAVI)/(EAV-EAVI) 
C UPDATE STATE DEPENDENT VARIABLES 
C State dependent variables to update element force and displacement 
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SVARS(1)=SVARS(1)+FRAC*DU(4,1) 
SVARS(2)=SVARS(1)*AK1 
UO=SVARS(1) 
FO=SVARS(2) 
COEFF=(1. E-03)*ELEML*ELEMT*GENERG 
UR=COEFF/FO 
AK2=(-1. )*FO/(UR-UO) 
AK=FRAC*AK1+(1-FRAC)*AK2 
print *, "FRAC", FRAC, "AK1-2", AK 
C 
C Stiffness matrix and right hand side vector 
AMATRX (2,2) =AK 
AMATRX (4,4) =AK 
AMATRX(2,4)=-AK 
AMATRX(4,2)=-AK 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*DU(4,1) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*DU(4,1) 
RHS(2,1)=RHS(2,1)+AK1*(U(4)-DU(4,1)) 
RHS(4,1)=RHS(4,1)-AK1*(U(4)-DU(4,1)) 
C 
C State dependent variables used as control flags 
SVARS (3) =KINC 
SVARS(8)=1.0 
END IF 
C 
END IF 
C 
end if 
C 
C Print Statement to control the solution process 
PRINT 992, ERIY, ELIY, EAVI, ERY, ELY, EAV 
PRINT 993, DU(4,1), U(4), UR, AK2 
PRINT 994, U0, FO, SVARS(1), SVARS(2) 
PRINT 995, UOO, FOO, SVARS(4), SVARS(5) 
PRINT 996, SVARS(3), SVARS(6), SVARS(7) 
992 FORMAT (2X, 30('=')/2X, 'ER', 8X, 'EL', 8X, 'EAV'/ 
1 2X, 3(E10.3)/2X, 3(E10.3)/32('-')) 
993 FORMAT (5X, 'DU4', 9X, 'U4', 10X, 'UR', 10X, 
1 'AK2'/5X, 4(E10.3,2X)/5X, 50('=')/) 
994 FORMAT (5X, 'UO', 8X, 'FO', 8X, 'SVARS(1)', 8X, 'SVARS(2)'/ 
1 5X, 4(E10.3)/5X, 40('-')/) 
995 FORMAT (5X, 'U00', 7X, 'F00', 7X, 'SVARS(4)', BX, 'SVARS(5)'/ 
1 5X, 4(E10.3)/5X, 40('-')/) 
996 FORMAT (5X, 'SVARS(3)', 7X, 'SVARS(6)', 7X, 'SVARS(7)'/ 
1 5X, 3(E10.3)/5X, 30('-')/) 
C 
RETURN 
END 
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Appendix H: 
User element ERE3 
C User element ERE3 
C Developed by S. Hadidimoud 
C This subroutine defines a "strain tripped rupture element" that 
C includes unloading and uses a time based step-unloading scheme 
C This rupture elements can be integrated into continuum models with 
C both 4-node or 8-node elements 
C This subroutine is called by the ABAQUS finite element code 
C 
SUBROUTINE UEL(RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
C 
INCLUDE 'ABA_PARAM. INC' 
C 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY(8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C 
DIMENSION UP(8), UPI(8), COORD(2,4) 
C 
C Matrix initialisation 
FO=O. ODO 
UO=O. ODO 
DO 401 J=1,8 
UP(J)=O. ODO 
UPI(J)=0. ODO 
401 CONTINUE 
DO 404 I=1,4 
COORD(1, I)=0. ODO 
COORD(2, I)=0. ODO 
404 CONTINUE 
C 
C Adoption of co-ordinates and displacement vector 
COORD(1,2)=COORDS(1,2) 
COORD(2,2)=COORDS(2,2) 
COORD(1,3)=COORDS(1,3) 
COORD(2,3)=COORDS(2,3) 
UP(3)=U(3) 
UP(4)=U(4) 
UP(5)=U(5) 
UP(6)=U(6) 
UPI(3)=U(3)-DU(3,1) 
UPI(4)=U(4)-DU(4,1) 
UPI(5)=U(5)-DU(5,1) 
UPI(6)=U(6)-DU(6,1) 
C 
C Element properties 
AK1=PROPS(1) 
AK2=PROPS(2) 
STRAIN=PROPS(3) 
ELEML=PROPS(5) 
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ELEMT=PROPS(6) 
TIMEFIT=PROPS(7) 
C 
C Strain calculation 
EAV=(UP(6)-UP(4))/ELEML 
EAVI=(UPI(6)-UPI(4))/ELEML 
C 
C stiffness matrix and right hand side vector 
DO 501 I=1, NDOFEL 
RHS(I, 1)=0. ODO 
DO 502 K=1, NDOFEL 
AMATRX(K, I)=0. ODO 
502 CONTINUE 
501 CONTINUE 
C 
C check for change of phase (loading-unloading) 
IF (KINC. NE. I. AND. KINC. NE. SVARS(3) 
1. AND. SVARS(4). LT. 0.5. AND. SVARS(5). GT. 0.5D+00) THEN 
SVARS(4) =1 
print *, "STATE CHANGE ", JELEM, KINC 
END IF 
C 
C check for unload-release phase 
if (SVARS(4). GT. 0.5D+00) THEN 
print *, "**UNLOAD-RELEASE ", JELEM, KINC 
AK=AK2 
AMATRX (2,2) =AK 
AMATRX(4,4)=AK 
AMATRX (2,4) =-AK 
AMATRX(4,2)=-AK 
U0=SVARS(1) 
FO=SVARS(2) 
C 
C check for unloading phase 
IF (SVARS(6). LT. O. 98) THEN 
IF (DTIME. LT. TIMEFIT) THEN 
print *, "OK! UNLOAD (Dt<Tf) ", JELEM, KINC 
SVARS(6)=SVARS(6)+0.2*(DTIME/TIMEFIT) 
IF (SVARS(6). GT. 1.0) THEN 
print *, "CUT BACK!! (S6>1.0) ", JELEM, KINC 
PNEWDT=0.1*(1.0/SVARS(6)) 
END IF 
RHS(2,1)-RHS(2,1)-AMATRX(2,4)*(U(4)-U0)+(1. -SVARS(6))*FO 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*(U(4)-U0)-(1. -SVARS(6))*FO 
ELSE 
print *, "CUT BACK! (Dt>Tf) ", JELEM, KINC 
PNEWDT=0.95*(TIMEFIT/DTIME) 
END IF 
SVARS(7)=U(4) 
SVARS(8)=(l. -SVARS(6))*FO 
ELSE 
C check for release phase 
IF (SVARS(6). LE. 1.0) THEN 
print *, "OK! RELEASE(S6-1. ) ", JELEM, KINC 
UR=SVARS(7) 
FR=SVARS(8) 
SVARS(6)=1. 
RHS(2,1). RHS(2,1)-AMATRX(2,4)*(U(4)-UO)+(1. -SVARS(6))*Fo 
RHS(4,1).. RHS(4,1)-AMATRX(4,4)*(U(4)-UO)-(l. -SVARS(6))*Fo 
ELSE 
print *, "CUT BACK! (S6>1.0) ", JELEM, KINC 
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PNEWDT=0.1*(1.0/SVARS(6)) 
END IF 
END IF 
C 
else 
C 
C load-trip phase 
print *, "**STIFF-APPROACH ", JELEM, KINC 
AK=AK1 
AMATRX(2,2)=AK 
AMATRX (4,4) =AK 
AMATRX (2,4) =-AK 
AMATRX(4,2)=-AK 
UO=SVARS(1) 
FO=SVARS(2) 
C 
IF (EAV. GT. STRAIN) THEN 
C check for tripping 
IF (EAV. LT. 1.02*STRAIN) THEN 
print *, "OK! APPROACH (Eav-STRAIN) ", JELEM, KINC 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
SVARS(1)=U(4) 
SVARS(2)=SVARS(1)*AK1 
SVARS(3)=KINC 
SVARS(5)=1. 
ELSE 
print *, "CUT BACK! (Eav>STRAIN) ", JELEM, KINC 
PNEWDT=0.1*(STRAIN-EAVI)/(EAV-EAVI) 
END IF 
ELSE 
C loading phase 
print *, "STIFF! ", JELEM, KINC 
RHS(2,1)=RHS(2,1)-AMATRX(2,4)*U(4) 
RHS(4,1)=RHS(4,1)-AMATRX(4,4)*U(4) 
SVARS(1)=U(4) 
SVARS(2)=SVARS(1)*AK1 
END IF 
C 
end if 
C 
C Print statements 
print U0=", SVARS(1), " FO-", SVARS(2) 
print UR-", SVARS(7), " FR-", SVARS(B) 
C 
RETURN 
END 
187 
Appendices 
Appendix I: 
User element ERE3-G 
C User element ERE3-G (generalised strain tripped rupture element) 
C Developed by S. Hadidimoud 
C This subroutine is called by the ABAQUS finite element code 
C The average strain in the direction normal to the crack line is 
C calculated from nodal displacements and the co-ordinates of the 
C coincident nodes of the user element with the continuum nodes. 
C Node order: nodel IN CONTINUUM, nodes 2,3 BONDING NODES 
C This routine is consisted of loading, time based step unloading 
C and the release phases. 
C 
SUBROUTINE UEL(RHS, AMATRX, SVARS, ENERGY, NDOFEL, NRHS, NSVARS, PROPS, 
1 NPROPS, COORDS, MCRD, NNODE, U, DU, V, A, JTYPE, TIME, DTIME, KSTEP, KINC, 
2 JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG, PREDEF, NPREDF, LFLAGS, 
3 MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP, PERIOD) 
C 
INCLUDE 'ABA_PARAM. INC' 
C 
DIMENSION RHS(MLVARX, *), AMATRX(NDOFEL, NDOFEL), PROPS(*), 
1 SVARS(NSVARS), ENERGY(8), 000RDS(MCRD, NNODE), U(NDOFEL), 
2 DU(MLVARX, *), V(NDOFEL), A(NDOFEL), TIME(2), PARAMS(*), 
3 JDLTYP(MDLOAD, *), ADLMAG(MDLOAD, *), DDLMAG(MDLOAD, *), 
4 PREDEF(2, NPREDF, NNODE), LFLAGS(*), JPROPS(*) 
C 
C Initialisation 
FXO=0. ODO 
FYO=0. ODO 
U30=0. ODO 
U40=0. ODO 
U50=0. ODO 
U60=0. ODO 
FXR=0. ODO 
FYR=0. ODO 
U3R=O. ODO 
U4R=O. ODO 
U5R=0. ODO 
U6R=O. ODO 
C 
C Element properties 
AK1=PROPS(1) 
STRAIN=PROPS(2) 
TIMEFIT=PROPS(3) 
C 
C Strain calculation; EAV(average strain, normal to the crack line) 
IF (KINC. NE. 1. AND. SVARS(2). LT. 0.5) THEN 
PIE=3.1415927 
CX=(COORDS(1,1)-COORDS(1,2)) 
CY=(COORDS(2,1)-COORDS(2,2)) 
UX=(U(1)-U(3)) 
UY=(U(2)-U(4)) 
UXI=((U(1)-DU(1,1))-(U(3)-DU(3,1))) 
UYI=((U(2)-DU(2,1))-(U(4)-DU(4,1))) 
IF (ABS(CX/CY). LT. 1E-6) THEN 
IF (CY. GT. 0.0) ALPHA-PIE/2. 
IF (CY. GT. 0.0) ALPHA-3.0*PIE/2.0 
ELSE 
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C 
C 
ALPHA=ATAN(ABS(CY/CX)) 
IF (CX. GT. O. O. AND. CY. GT. 0.0) ALPHA=ALPHA 
IF (CX. GT. O. O. AND. CY. LT. 0.0) ALPHA=2. *PIE-ALPHA 
IF (CX. LT. O. O. AND. CY. GT. 0.0) ALPHA=PIE-ALPHA 
IF (CX. LT. 0.0. AND. CY. LT. 0.0) ALPHA-PIE+ALPHA 
END IF 
ALRES=(CX**2. +CY**2. )**0.5 
BETA=ATAN(ABS(UY/UX)) 
IF (UX. GT. 0.0. AND. UY. GT. 0.0) BETA=BETA 
IF (UX. GT. 0.0. AND. UY. LT. 0.0) BETA=2. *PIE-BETA 
IF (UX. LT. 0.0. AND. UY. GT. 0.0) BETA-PIE-BETA 
IF (UX. LT. O. O. AND. UY. LT. 0.0) BETA-PIE+BETA 
BETAI=ATAN(ABS(UYI/UXI)) 
IF (UXI. GT. 0.0. AND. UYI. GT. 0.0) BETAI-BETAI 
IF (UXI. GT. 0.0. AND. UYI. LT. 0.0) BETAI-2. *PIE-BETAI 
IF (UXI. LT. 0.0. AND. UYI. GT. 0.0) BETAI-PIE-BETAI 
IF (UXI. LT. O. O. AND. UYI. LT. 0.0) BETAI-PIE+BETAI 
URES=(UX**2. +UY**2. )**0.5 
URESI=(UXI**2. +UYI**2. )**0.5 
GAMA=ABS(ALPHA-BETA) 
GAMAI=ABS(ALPHA-BETAI) 
UPROJECT=URES*COS(GAMA) 
UPROJECTI=URESI*COS(GAMAI) 
EAV=UPROJECT/ALRES 
EAVI=UPROJECTI/ALRES 
PRINT *, "EAV=", EAV, " EAVI-", EAVI 
PRINT *, "ALPHA=", ALPHA, " BETA-", BETA, " BETAI-", BETAT 
1, " GAMA=", GAMA 
END IF 
C 
C End of strain calculation 
C Matrix initialisation 
DO 501 I=1, NDOFEL 
RHS(I, 1)=O. ODO 
DO 502 K=1, NDOFEL 
AMATRX(K, I)=O. ODO 
502 CONTINUE 
501 CONTINUE 
C 
C check for change of phase (loading-unloading) 
IF (SVARS(2). LT. 0.5. AND. KINC. NE. I. AND. 
1 KINC. NE. SVARS(15). AND. SVARS(16). GT. 0.5D+00) THEN 
SVARS(2) =1 
print *, "STATE CHANGED ", JELEM, KINC 
END IF 
C 
C check for unload-release phase 
if (SVARS(2). GT. 0.5D+00) THEN 
print *, "**UNLOAD-RELEASE ", JELEM, KINC 
U30=SVARS(3) 
U40=SVARS(4) 
U50=SVARS(5) 
U60=SVARS(6) 
FXO=SVARS(7) 
FYO=SVARS(8) 
C 
C check for unloading phase 
IF (SVARS(1). LT. 0.995) THEN 
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IF (DTIME. LT. TIMEFIT) THEN 
print *, "OK! UNLOAD (Dt<Tf) ", JELEM, KINC 
SVARS(1)=SVARS(1)+0.2*(DTIME/TIMEFIT) 
IF (SVARS(1). GT. 1.0) THEN 
print *, "CUT BACK!! (S1>1.0) ", JELEM, KINC 
PNEWDT=0.1*(1.0/SVARS(1)) 
END IF 
RHS(3,1)=-(1. -SVARS(1))*FXO 
RHS(4,1)=-(1. -SVARS(1))*FYO 
RHS(5,1)=+(1. -SVARS(1))*FXO 
RHS(6,1)=+(1. -SVARS(1))*FYO 
ELSE 
print *, "CUT BACK! (Dt>Tf) ", JELEM, KINC 
PNEWDT=0.95*(TIMEFIT/DTIME) 
END IF 
SVARS(9)=U(3) 
SVARS (10) =U (4) 
SVARS(11)=U(5) 
SVARS(12)=U(6) 
SVARS(13)=(1. -SVARS(1))*FXO 
SVARS(14)=(1. -SVARS(1))*FYO 
ELSE 
C 
C check for release phase 
print *, "OK! RELEASE(S1-1. ) ", JELEM, KINC 
U3R=SVARS(9) 
U4R=SVARS(10) 
U5R=SVARS(11) 
U6R=SVARS(12) 
FXR=SVARS(13) 
FYR=SVARS(14) 
RHS(3,1)=-(1. -SVARS(1))*FXO 
RHS(4,1)=-(1. -SVARS(1))*FYO 
RHS(5,1)=+(1. -SVARS(1))*FXO 
RHS(6,1)=+(1. -SVARS(1))*FYO 
END IF 
C 
else 
C 
C load-trip phase 
print *, "**STIFF-APPROACH ", JELEM, KINC 
AK=AK1 
AMATRX (3,3) =AK 
AMATRX(4,4)=AK 
AMATRX (5,5) =AK 
AMATRX (6,6) =AK 
AMATRX(3,5)=-AK 
AMATRX (5,3) =-AK 
AMATRX (4,6) =-AK 
AMATRX (6,4) =-AK 
RHS(3,1)=-AMATRX(3,3)*U (3)-AMATRX(3,5)*U(5) 
RHS(4,1)=-AMATRX(4,4)*U (4)-AMATRX(4,6)*U(6) 
RHS(5,1)=-AMATRX(5,3)*U (3)-AMATRX(5,5)*U(5) 
RHS (6,1)=-AMATRX(6,4) *U (4)-AMATRX(6,6) *U(6) 
SVARS (3) =U (3) 
SVARS(4)=U(4) 
SVARS(5)=U(5) 
SVARS(6)=U(6) 
SVARS(7)=(SVARS(3)-SVARS(5))*AK1 
SVARS(8)=(SVARS(4)-SVARS(6))*AK1 
C 
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C check for tripping 
IF (EAV. GT. STRAIN) THEN 
IF (EAV. LT. 1.02*STRAIN) THEN 
print *, "OK! APPROACH (Eav-STRAIN) ", JELEM, KINC 
SVARS(15)=KINC 
SVARS(16)=1. 
ELSE 
print *, "CUT BACK! (Eav>STRAIN) ", JELEM, KINC 
PNEWDT=0.1*(STRAIN-EAVI)/(EAV-EAVI) 
END IF 
ELSE 
C loading phase 
print *, "STIFF! ", JELEM, KINC 
END IF 
C 
end if 
C 
C Print statements 
print *, "U30 U50 FXO " 
1 "U40 U60 FYO" 
print *, "U3R U5R FXR it, 
1 "U4R U6R FYR" 
C 
RETURN 
END 
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